UNCLASSIFIED 


AD  NUMBER 


AD258634 


NEW  LIMITATION  CHANGE 
TO 

Approved  for  public  release,  distribution 
unlimited 


FROM 

Distribution  authorized  to  U.S.  Gov't, 
agencies  and  their  contractors; 
Administrative/Operational  Use;  MAR  1961. 
Other  requests  shall  be  referred  to  Bureau 
of  Ordnance  [Navy],  Washington,  DC  20350. 


AUTHORITY 


CFSTI  ltr  dtd  19  Jan  1966 


THIS  PAGE  IS  UNCLASSIFIED 


THIS  DOCUMENT  IS  BEST 
QUALITY  AVAILABLE.  THE  COPY 
FURNISHED  TO  DTTC  CONTAINED 
A  SIGNIFICANT  NUMBER  OF 
PAGES  WHICH  DO  NOT 
REPRODUCE  LEGIBLY. 


T3SS 


. . . 


KOTICJS:  yfcen  govemsent  or  other  drawings,  speci¬ 
fication*  or  other  data  are  used  for  any  purpose 
other  then  In  connection  with  a  definitely  related 
government  procurement  operation,  the  U.  8. 
Government  thereby  incurs  no  responsibility,  nor  any 
obligation  whatsoever;  and  the  fact  that  the  Govern¬ 
ment  aay  have  oxnuleted,  furnished,  or  in  any  way 
supplied  the  said  drs  lags,  specifications,  or  other 
data  is  not  to  be  regarded  by  Implication  or  other¬ 
wise  as  In  any  manner  licensing  the  bolder  or  any 
other  person  or  corporation,  or  conveying  any  rights 
or  permission  to  manufifteture,  use  or  sell  any 
patented  invention  that  *ey  In  any  way  be  related 
thereto. 


T(>  356 
Motch  *961 
Cop/  No 


SNFMI  TMR  6MMI  MSS&E  SYSTEMS 
IKTN99S  8f  TACTICAL  ANALYSIS 


■.  C.  MM 


ASTIS 

FY~ . . 

JUN  i-  1961  .1 


TMC  UMVWHIW 

AP4>U£&  PHYSICS  UWJOfSATSSV 

•ut  <i>mn  «wmi  Sm.vw  •Mtaa  Kunw* 


ttpl'm lag  o*lr<  I  wr»inf  rVW  *IM  ««*  Mr  ftrw  '  «*  r/  E  rtm,  IWrflw#  *f  Wr  V«l 


PREFACE 


The  present  volume  deals  with  the  tactical  analysis 
ot*  suriace-to-alr  missile  systems;. it  i3  intended  to  provide 
a  general  Introduction  to  the  basic  problems  arising  In  such 
analyses,  and  to  suggest  techniques  useful  in  their  solution. 
Regretfully,  all  problems  concerned  with  the  possible  defeat 
of  3urface-to-alr  missile  systems  by  means  of  electronic  coun¬ 
termeasures  have  Intentionally  been  omitted  from  the  discussion; 
appropriate  treatment  of  eovn  ermcasures  lr  not  possible  iu  an 
unclassified  document. 

The  material  here  summarized  has  resulted  from  work 
carried  out  by  the  Assessment  Division  of  the  Applied  Physics 
Laboratory  and  by  many  .  :  .  organizations ,  over  a  period  of 
yeurs,  with  frequent  interchange  of  ideas  both  in  personal  dis¬ 
cussions  and  by  written  report.  Consequently  It  Is  usually 
difficult  and  frequently  impassible  to  determine  individual 
priorities  and  ascribe  credits  for  partlculir  parts  of  the 
material.  For  this  reason,  r.o  attempt  is  made  here  to  de  so. 

'In  preparing  this  voA«me ,  toe  author  har  drawn  heavily 
upon  unclassified  parts  of  on  earlier  classified  work.  Tactical 
Analysis  of  Surface-to-Alr  Oulded  Missile  Systems,  compiled  by 
the  Assessment  Division  of  the  Laboratory.  Indsed,  the  present 
volume  may  be  thought  of  as  an  unclassified  revision  of  the  ear¬ 
lier  work.  The  author  it  Indebted  to  those  who  compiled  +he 
earlier  work  and  to  many  in  the  Division  who  reviewed  and  com¬ 
mented  upon  the  present  volume. 
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Tactical  Analysis 


A.  Introduction 


Before  proceeding  with  the  primary  purpose  of  this  book,  the 
discussion  of  methods  of  tactical  analysis  of  guided  missile  systems,  it 
will  be  well  to  consider  briefly  the  needs  for  such  analytic  and  what  is 
to  be  analyz  id . 

B,  Heed  for  Tactical  Analysis 

A  major  need  for  tactical  analysis  Is  in  the  development  of  new 
weapon  systems.  The  role  tactical  analysis  plays  In  such  a  development 
car.  perhaps  best  be  brought  out  by  tracing  a  typical  development  process. 
In  general,  this  process  Is  iterative  and  can  be  conveniently  represented 
by  a  multi-loop  feed-back  diagram  as  shown  1:;  Figure  1. 


Figure  1 
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The  loops  are  traversed  several  times  in  the  process,  as  a  con¬ 
sequence  ol*  tho  many  Interactions  oi*  all  the  factors  involved  in  the  design. 
The  process  may  start  in  any  of  several  different  places,  for  example,  with 
an  operational  requirement ,  or  in  an  advance  in  the  state  of  a  technical 
art,  or  ..ith  a  threat  analysis,  or  p.rhaps  wit:>  some  existing  system  design. 

In  order  to  describe  ch-.  development  process  in  greater  detail, 
suppose  that  it  starts  -..ith  an  (initially  broad)  statement  of  the  need  for 
a  system,  ans  if  ring  the  question:  What  do  w  wish  to  do?  lie:-.,  must  come 
a  listing  of  the  boundary  condition.;  ■•.listing;  that  13:  Where  are  wo  now? 

The  boundary  conditions  include  „:ic  t^a'es  of  the  various  technical  arts 
Involved,  the  characteristics  of  the  threat  to  be  met  and  tho  various  oper¬ 
ational  restrictions  that  nay  obtain.  With  ans. era  to  these  two  questions: 
Where  do  \.c  go?  una  Where  are  we?  tr.o  next  at.*;;  is  to  devise  one  or  more 
preliminary  system  designs  which  are  presumed  to  fill  tho  need.  Each  of 
these  designs  must  then  be  ■  valuut.d  to  determine  ..he the:*  it  is  feasible 
from  all  points  of  view  ar.d  ;:hetl.;r  it  indued  fills  tho  stated  need  effec¬ 
tively  and  at  reasonable  cost  Ir.  resources.  The  results  of  the  evaluation 
are  thon  fed  back  as  indie;:  tea  in  the  figure,  leading,  on  the  next  circuit, 
to  refined  system  designs  and  to  their  evaluation. 

It  is  in  the  evaluation  phase  of  the  development  process  that 
tactical  analysis  enters.  In  particular .  a  measure  of  the  effectiveness 
of  each  propos.-d  system  is  a  product  of  .act, leal  analysis  cf  the  system  as 
a  whole,  operating  la  the  specified  .•.."ironraonl  against  the  specified  threat. 
The  results  of  the  tacticul  analyses  may  bo  put  to  several  u3oc.  First, 
they  form  the  basis  for  a  comparison  of  alternative  system  designs.  They 
may  suggest  changes  or  improvements  in  the  system  leading  to  redesign  of 
the  system,  and  perhaps  to  further  research  in  order  to  improve  the  state 
of  an  applicable  art.  They  nay  suggest  changes  in  the  expected  threat  that 
would  result  from  an  enemy's  reaction  to  tho  introduction  cf  the  proposed 
system  in  service  use.  They  nay  suggest  changes  in  the  operating  restrictions 
assumed ,  Finally  th<,y  may  suggest  changes  in  the  operational  req*  irement ; 
that  is,  the  need  for  or  purpose  of  the  system. 

In  the  early  stages  of  the  development  process  the  system  design 
■will  usually  fee  simple,  .  1th  little  detail  specified.  The  corresponding 
tactical  analysis  must  of  necessity  cc  relatively  crude  nd  simple,  owing 
to  the  lack  of  sufficiently  complice  system  do'  .It Jon.  As  the  system  design 
is  refined  on  successive  circuit;  of  the  loo-<,  the  tactical  ar.alvsis  must 
b  ..fined  to  deal  with  uv_  greater  detail  o±  tho  design.  Gross  approxima¬ 
tions  must  bo  replaced  by  more  yrroict.  analyses. 
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A.  system,  i:i  very  general  tents,  is  a  comule;:  of  people  and 
equipment  organized  to  perform  one  or  more  functions.  It  is  made-  up  of 
many  subsystems  which  interact  with  each  other  and  with  the-  environment . 

A  system  d.  sign  must  s;>  clfy  not  only  what  the*  system  v.'lll  consist  of  but 
also  how  is  will  opera.:.-,  what  eh.*  interaction^  tJ..r  sub. .vs terns  and  their 
reactions  to  external  environa-ntal  influ. sees  will  bo.  Early  in  the  de¬ 
velopment  proc.ss,  tactical  analysis  deals  primarily  with  predictions  of 
what  the  system  .ill  b...  ion?  for  ehang.,  coming  out  of  the  analysis, 

will  most  often  ir.ve-lv.  the  .  iu Ipmc-nt  itself.  A::  the  development  process 
yrogr-  sses,  mar.y  pari.,  of  :h  system  will  hiv/e*  taken  physical  form.  Con¬ 
sequently  in  the  later  stag  .-a  tactical  analyses  *;ill  more  often  affect  th- 
procedureo  lcid  down  for  .-j.  .rati  -s.  of  th--  s/:-.t.  n. 

Tactical  analys  e-  .-an  In.  of  g;vau  help  to  military  planners  as 
well  as  to  weapon  system  d  siijvjrs  The  strategic  planner,  in  deciding  hovr 

best  to  achieve  a  military  objective,  tan  learn  much  from  the  results  of 
tactical  analysis.  ;.'hat  weapons  will  be  most  effective?  What  forces  will 
be  required?  Tactical  analyses  can  assist  the  procurement  planner  in  deter¬ 
mining  what  quantities  of  weapons  to  purchase.  The  tactical  commander,  in 
deploying  his  forces  and  Selecting  tactics  to  oa  used,  can  derive  much  useful 
information  from  analyses. 

In  all  places  where  tactical  analysis  can  be  applied,  decisions 
still  must  ultimately  be  based  upon  sound  Judgment,  hut  ir.  rendering  sound 
Judgment ,  it  13  preferable  to  rely  on  rational  analysis  than  on  personal 
intuition.  The  former,  if  indeed  rational,  will  by  definition,  demonstrate 
that  certain  basic  assumptions  must  lead  to  certain  conclusions.  Thus,  the 
problem  of  passing  Judgment  cun  be  reduced,  by  rational  analysis,  to  that  of 
Judging  the  validity  of  basic  assumptions. 


The  forerunner  to  any  tactical  analysis  must  quite  naturally  be  a 
clear  understanding  of  what  is  to  be  analyzed.  Ir.  th;  present  case,  this 
is  the  air  battle.  Its  principal  elements  are:  surface  targets  which  are 
subject  to  air  attack,  activ-  defense  installations  to  counter  the  attack, 
and  the  attack  itself.  Those  .-lumen to  Interact,  In  an  environment  generated 
ir.  part  by  them,  In  a  sequence  of  events  which  make  up  the  air  battle. 

Figure  2  depicts  thus-,  air  baU.l.  .-lenivnts  schematically. 
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The  present  section  will  describe  the  major  characteristics  of  these  elements. 

Tne  first  necessary  Ingredient  for-  an  air  battle  is,  of  course,  the 
existence  of  one  or  more  surface  targets  ,.:hich  an  enemy  wishes  to  destroy. 

These  targets  might  be  cities.  Industrial  Installations,  air  baa's,  groups  of 
ships,  or  the  like.  Although  very  different,  they  have  certain  common  char¬ 
acteristics  such  as  the  urea  of  each,  their  geographic  distribution,  the 
value  of  each  to  the  defender  and  to  the  attacker,  the  hardness  of  each  (i.e., 
ability  to  withstand  damaging  forces).  These  characteristics  will  Influence 
oo th  the  defense  oi»:  offense  Deployment  of  defensive  weapons  will  depend  in 
part  on  surface  target  geometry.  Commitment  of  offensive  weapons  to  individual 
targets  may  be  affected  by  the  hardr.oss  and  also  the  worth  of  the  targets. 

Most  of  the  surface  target  characteristics  of  major  importance  in  tactical 
analyses  are  common  to  most  surface  targets.  Thus  general  methods  of  analysis, 
that  are  independent  of  the  identity  of  the  surface  target,  can  often  be  devised. 

A  second  essential  ingredient  for  an  air  battle  is  the  active  air 
defense  system  provided  for  the  defense  of  the  ground  targets.  The  principal 
f.u.wtions  of  the  defense  are  detection  of  targets  and  their  surveillance , 
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decision  making,  arid  employment  or  weapons.  Detection  and  surveillance 
are  performed  ay  any  of  a  variety  of  sensing  Instruments ,  such  L3  radars . 
Their  performance  in  general  is  characterized  by  their  coverage  Jn  range 
and  altitude.  by  the  accuracy  with  which  they  measure  target  position  and 
by  their  ability  to  resolve  individual  targets.  A  supporting  part  of  the 
decision-making  function  la  the  processing  ana  storing  of  data.  The  com¬ 
pleteness,  speed,  and  accuracy  with  which  these  tucks  are  don:  characterize 
the  performance  of  this  support.  The  decision  making  itself  is  done  either 
manually,  with  the  aid  of  suitable  data  displays,  or  automatically,  usually 
ay  electronic  computer:'.  The  decisions  themselves  are  tactical  In  nature, 
ho  weapons  are  charade-- 1  zed  h,  such  things  coverage,  range  and  altitude, 
by  the  number  of  weapon.:  that  car.  re  brought  to  bear  and  by  the  effectiveness 
of  th>.  weapon  in  destroying  its  target.  Communications  facilities  for  the 
transmission  of  pertinent  target  and  other  data  and  of  orders  are  essential 
.c  all  functions.  The  important  features  of  these  facilities  are  their  re¬ 
liability  and  their  accuracy.  The  many  piece";  of  equipment  necessary  for 
surveillance,  for  data  processing,  and  for  the  weapons  systems  themselves 
must  be  deployed  in  some  manner  about  the  surface  targets  being  defended. 

A  further  necessary  provision  in  the  active  defense  ia  tnuf  of  doctrines  of 
use,  insofar  us  those  car.  be  prescribed  in  advance. 


.he  third  ingredient  in  the  air  buttle  is,  of  course,  the  attack. 

A  full  description  of  an  attack  will  include  the  numbers  and  klnd3  of  air¬ 
craft,  of  warheads  to  be  delivered  and  of  delivery  leehnlqurtr.  used,  as  well  as 
any  other  equipment  the  enemy  may  employ,  such  as  jammers.  The  performance 
capuulllllts  of  those  must  all  be  included  as  well  us  the  tactics  the  enemy 
will  use.  Included  in  this  last  are  ouch  things  us  the  coordination  of  his 
attack  and  the  extent  to  which  he  uses  formations  or  evasive  maneuvers. 


The  environment  within  which  the  air  battle  takec  place  can  bean 
all  Important  factor  in  determining  the  outcome  of  the  battle.  The  environ¬ 
ment  is  in  part  comprised  of  conditions  which  would  obtain  Independent  of  the 
battle;  notable  among  these  the  weather,  including  winds,  temperature, 
cloud  cover,  and  numerous  other  features  of  the  weather.  Other  characteris¬ 
tics  of  the  environment  ore  determined  by  the  attacking  force  or  the  defense. 
If.  for  example,  the  attacker  employs  electronic  countermeasures  of  some  sort, 
the  environment  within  which  the  radars  of  the  defense  operate  is,  of  course, 
significantly  altered. 

Given  these  three  essential  ingredients  arid  the  environment  within 
which  they  must  function,  the  air  battle  thou  takes  place.  Initially  the 
attacking  force  will  proceed  towara  the  surlaco  targets,  searching  for  targets 
Certain  tactical  decisions  by  the  offense  arc  necessary  during  the  course  of 
battle;  these  Include  identifications  of  surface  targets  following  detection. 
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choice  ot’  tactics  to  be  used  and  In  some  cases,  in  later  stages,  assessment 
of  damage  Inflicted,  On  the  part  of  the  defense,  the  events  are  as  follows; 
the  attack  is  detected  and  tracks  established  on  individual  aircraft  or 
groups  of  aircraft.  As  date  are  gathered  from  different  sources,  they  must 
be  processed,  correlated,  and  the  necessary  displays  generated.  Various 
tactical  decisions  must  then  be  made  such  as  identification,  evaluation  and 
assignment  of  targets  to  weapon  units,  kihally,  targets  are  engaged,  weapons 
are  launched  and  fly  out  to  Intercept,  warheads  detonated,  and  if  possible 
damage  is  assessed.  The  battle  thus  proceeds  until  all  attacking  aircraft 
arc  either  killet  or  deliver  their  bombs  and  depart,  or  until  the  defense  be* 
comes  inactive,  through  damage  suffered  or  through  exhausting  its  supply  of 
weapons . 


Many  of  the  events  which  occur  during  the  battle  are  random  events, 
e.g.  detecting  a  target,  or  inflicting  lethal  damage  or.  a  target.  Consequently 
the  outcome  of  a  particular  out tie  is  a  chance  event;  and  so  one  speaks  of  the 
probability  of  a  particular  outcome  occurring,  e.g.  all  attacking  uircraft  are 
killed,  or  a  specified  numoer  survive.  This  clement  of  uncertainty  is  a  major 
contributor  to  the  difficulty  encountered  in  currying  out  a  tactical  analysis. 

D.  Problems  of  Tactical  Analysis 

The  puroose  of  a  tactical  analysis  is  to  provide  a  suitable  quanti- 
tative  measure  of  the  effectiveness  of  a  guided  missile  system  in  defending  * 
surface  targets.  Two  problems  ai'ise  at  the  outset,  1}  the  choice  of  a  proper 
measure  of  effectiveness,  and  2)  the  choice  of  a  proper  method  of  analysis, 
1.9.,  means  for  getting  from  the  characteristics  of  the  air  battle  elements 
to  the  measure.  In  making  both  choices,  care  must  be  exercised  to  Insure 
that  effects  of  all  significant  characteristics  are  Included,  so  that  the 
calculated  measure  will  be  meaningful.  The  measure  must  reflect  the  true 
purpose  of  the  defense,  and  the  method  must  not  require  excessive  coaputa- 
tional  labor. 

The  remaining  chapters  of  this  book  are  devoted  to  the  two  problems 
mentioned  above.  The  choice  of  a  measure  of  effectiveness  13  considered  in 
some  detail  in  Chapter  VII.  Vnatever  the  choice  of  measure,  it  muet  depend 
upon  kill  probability,  firepower,  and  coordination  of  fire.  By  kill  proba¬ 
bility  is  meant  the  nrobabllity  that,  once  undertaken,  an  engagement  of  a 
target  will  result  in  damage  to  that  target.  By  firepower  is  meant  the  number 
of  target  engagements  the  defense  is  capable  of  auring  the  attack  (the  par¬ 
ticular  number  is  subject  to  statistical  fluctuation  and  hence  we  refer  to 
the  expected  number  of  engagements).  By  coordination  of  fire  is  meant  the 
degree  to  which  overkilling  of  targets ,  with  consequent  waste  of  missiles 
and  firing  time,  is  uvoided.  Each  of  these  three  is  treated  at  length,  in 
turn,  in  Chapters  III,  IV.  V,  VI.  Ac  a  prelude  to  the  treatment,  the  char¬ 
acteristics  of  a  surface-to-air  guided  missile  system  are  described  in  Chap¬ 
ter  II. 
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•Ml  System  Characteristics 


A.  Introduction 


A  surface-to-air  missile  system  (hereafter  referred  to  aa  SAM  system) 
may  range  in  complexity  from  a  single  installation,  entirely  self-contained, 
to  a  continent -wide  net  of  radars,  communication  links,  evaluation  centers, 
and  firing  un  ts.  Accomplishment  of  the  air  defense  mission  requires  proper 
functioning  and  coordination  of  many  diverse  system  components  other  then  the 
missiles  themselves.  It  Is,  therefore.  Impossible  to  speak  of  the  tactical 
effectiveness  of  a  missile;  one  can  only  speak  of  the  tactical  effectiveness 
of  a  missile  system.  It  is,  of  course,  possible,  and  in  most  casas  necessary, 
to  consider  the  functioning  of  various  parts  of  the  system  on  the  basis  of 
assumed  inputs  from  the  rest  of  the  system. 

The  characteristics  of  a  SAM  system  which  are  important  for  tactical 
analysis  do  not  entirely  coincide  with  those  which  are  important  from  the 
points  of  view  of  development,  engineering,  production,  logistics,  or  eambat 
use,  although  there  are  obviously  close  interdependences  among  these  various 
sets  of  characteristics,  The  first  task  of  tactical  analysis  is  to  find  out 
which  characteristics  determine  tactical  affaetivoness  and  to  axplore  ths 
connection  between  these  end  the  characteristics  obtainable  from  or  to  be  fur¬ 
nished  to  the  design  engineer.  The  present  chapter  attempts  to  point  out 
certain  systam  characteristics  which  are  moat  important  from  the  tactical  point 
of  view.  It  seems  advlsablt  to  give  a  discussion,  necessarily  very  brief,  on 
the  relation  batween  these  tactical  charactarlatics  and  the  physical  nature  of 
the  missile  system. 

B.  System  Functions 

The  immediate  mission  of  a  SAM  systam  is  to  damage  attacking  enemy 
aircraft.  In  order  to  carry  out  this  mission,  the  system  must  *n  general  be 
able  to  carry  out  the  following  functions; 

Detection:  The  system  must  be  able  to  discover  the  presence  of 
potentially  hostile  aircraft  at  long  enough  range  to  allow  time  for  the  rest 
of  the  functions  to  be  carried  out. 

Surveillance;  The  position  of  each  aircraft  must  be  repeatedly 
observed  witK  "sufficient  accuracy  to  permit  proper  performance  of  remaining 
functions;  i.e. ,  each  aircraft  must  be  tracked. 

Identification;  It  must  be  determined  whether  the  aircraft  is 
friendly  or  hostile. 

5 valuation:  If  the  target  is  hostile,  the  system  must  decide  whether 
and  with  how  much  force  to  engage  it,  in  view  of  the  missile  supply  available, 
other  threats  which  must  be  countered,  etc. 


Assignment:  If  the  target  Is  to  be  engaged,  it  must  be  assigned 
to  the  firing  unit  which  is  to  carry  out  the  engagement. 

Designation:  -The  firing  unit  must  be  informed  of  the  target  assign* 
ment  and  bo  given  the  current  Location  of  the  target  and  any  instp*ctions 
that  may  be  pertinent  to  the  forthcoming  engagement,  e.g. ,  site  of  ssivo  to 
be  fired. 


Acquisition:  fiie  responsible  firing  unit  mu3t  acquire  the  to  'f 
with  its  own  fi  le-data  net  (o.g. ,  tracking  radar). 

Loading:  The  missiles  must  fce  on  the  launcher  in  condition  to  fire 
at  the  proper  time. 


The  missiles  must  be  launched  at  the  proper  time  and  In 
the  proper  £irec.  '  >n  (for  the  system,  of  course;  the  launcher  may  be  fixed). 

I-'llght :  The  missile  must  bo  brought  near  the  target. 

Wising;  The  proper  time  for  warhead  detonation  must  be  determined. 

Detonation  and  Hurst:  The  warhead  must  detonate  at  the  proper  time 
and  mu3t  be  lethal  enough  to  attain  a  satisfactory  probability  of  kill. 


Damage  Assessment:  Damage  inflicted  on  the  target  must  be  assessed 
a3  quickly  and  accurately  as  possible. 

Ite-uvaluallon:  If  the  verdict  of  the  assessment  is  that  lethal 
damage  was  not  lni'li->d,  the  target  must  then  be  considered  for  further 
assignment  to  r.  fir:.:,;  unit  for  reengagement . 


In  order  to  carry  out  these  direst  functions  the  system  must  carry 
out  certain  supporting  operations,  such  as  supply  of  missiles  and  spare  parts, 
maintenance  and  repair  of  equipment,  and  intercommunication. 


A  SAM  system  must  be  able  to  engage  several  aircraft  during  an  attack. 
Since  in  general  different  parts  of  the  system  perform  the  different  function*, 
several  engagements  can  be  in  progress  simultaneously.  Por  example,  while  e. 
missile  is  in  flight,  to  intercept  one  target,  the  launcher  may  be  reloading 
in  prv  deration  for  a  second  target,  which  is  being  assigned.  Meanwhile  a  third 
targe  may  be  undergoing  identification.  Thus  considerable  parallelism  Is  to 
be  found  in  most  systems.  Moreover,  since  some  functions  taka  considerably 
longer  to  perform  than  others ,  the  fuster  working  parts  of  the  system  may  often 
be  Idle,  waiting  for  their  slower  companions  to  complete  their  tasks.  In 
order  to  avoid,  or  at  least  reduce  such  idleness,  the  slower  parts  of  a  system 
are  often  duplicated.  'Jo?  example,  immediately  following  launching  of  a  mis* 

3 lie,  the  launcher  can  be  reloaded  in  preparation  for  the  next  target.  Mean¬ 
while,  > hr  guidance  channel,  e.r. ,  tracking  radar,  is  tied  up  with  the  guidance 
of  the  first  missile,  and  will  remain  tied  up  throughout  the  missile  flight. 


Suppose  the  Missile  tlae-of-flight  exceeds  the  loading  c/cle  tlae;  then  the 
launcher,  loaded  in d  reedy  for  the  next  target,  Must  remain  Idle  until  the 
guldsnce  channel  is  free.  If,  however,  a  second  guidance  channel  were  pro* 
vlded ,  the  next  Missile  could  be  fired  as  soon  as  tht  launcher  was  loaded 
and  ready. 


It  is  convenient  to  divide  the  above  listed  functions  into  two  groups; 
those  that  are  predominantly  decision'  asking  in  nature  and  those  that  involve 
launching  end  fire  control.  The  fencer  can  be  thought  of  us  being  perfonaed 
in  a  decision  or  control  center,  and  the  latter  in  or  by  a  firing  unit,  even 
though  in  soae  SAN  systems  no  physical  separation  exists  between  the  two. 

This  conceptual  distinction  will  be  followed  in  the  sequel,  whether  the  de¬ 
cision  functions  of  a  particular  SAN  system  are  carried  out  locally  at  each 
individual  SAN  site  or  centrally  at  one  control  center  serving  several  sites. 
The  purpose  in  adhering  to  this  distinction  is  to  emphasise  the  fact  that  a 
particular  target  is  not  paired  to  a  particular  8AN  unit  until  the  designation 
function  has  been  performed. 

C.  Significant  Times 

Certain  instants  of  tlae  and  the  time  consumed  in  the  performance  of 
certain  of  the  above  listed  functions  occur  so  often  in  tactical  discussions 
that  they  are  given  names.  These  instants  ant  times  consumed  are  depleted 

schematically  in  Plgure  3. 
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Figure  3 


The  significant-  instants  of  time  are: 


Time  of  initiation— -the  time  at  which  the  sequence  of  events  lead* 
ing  to  the  engagement  of  “target  starts.  In  case  of  a  first  engagement , 
the  sequence  of  ovents  of  course  starts  with  detection,  and  in  the  case  of 
subsequent  engagements  the  time  of  initiation  is  when  re-evaluation  start! . 

Time  of  designation— the  time  at  which  a  target  is  designated  to 
?,  firing  unit  following  the  various  decision  functions  which  led  to  its 
assignment. 

Time  of  launch— the  time  at  which  a  missile  or  salvo  of  missiles 
is  launched  at  u  target.  This  time  is  sometimes  referred  to  as  present  time. 

Tine  of  intercept- -the  time  at  which  a  missile  intercepts  the  tar¬ 
get.  This  time  is  on  occasion  referred  to  as  future  time. 

Time  of  verdict— the  time  at  which  the  verdict  as  to  whether  lethal 
damage  was  in/llctt-d  reaches  the  decision  center. 

Associated  ulth  each  time  above  lc  a  corresponding  range  from  the 
SAM  site  to  the  target;  e.g. ,  designation  range,  launch  range,  intercept 
range.  Present  and  future  times  and  the  corresponding  present  and  future 
ranges  are  terms  held  over  from  anti-aircraft  artillery  discussions. 

The  important  times  consumed  Jr.  the  performance  of  various  function* 

are: 

Decision  time— the  time  from  initiation  to  designation ,  consumed  in 
the  performance  of  decision  functions 

Aiming  time— the  time,  from  designation  to  launch,  consumed  In  final 
preparations  for  launch.  It  may  include  such  functions  as  target  acquisition, 
launcher  slewing,  etc. 

Plight  time— the  time  consumed  by  the  flight  of  the  missile  to 
Intercept. 

Assessing  time— the  time  following  intercept  before  the  verdict  of 
the  assessing  process  is  received  at  the  decision  center. 

Vle-up  time— the  time  from  designation  to  Intercept.  A  guidance 
channel  is  occupied  with  the  designated  target  during  this  time. 

Engagement  time— the  '.imc  from  designation  of  a  target  to  a  firing 
unit  to  receipt  of  the  veruict  at  the  decision  center.  During  this  time  the 
decision  center  looks  upon  the  target  as  being  under  engagement  by  the  firing 
unit . 
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It  should  be  pointed  out  that  some  of  tho  above  tlaas  can  on 
occasion  bo  aero;  for  example,  a  verdict  of  no  kill  could  load  to  immediate 
re -designation  to  tho  same  firing  unit,  and,  further,  to  laaediate  launch¬ 
ing,  since  the  alaing  ftonetl  ns  may  not  have  to  be  performed  again.  A  ver¬ 
dict  regarding  d— ago  say  be  possible  almost  1  Mediately  following  intercept 
so  th'it  tli*  •’saessintt  tine  will  be  sero  fer  all  practical  curpOi.  .-a.  In 
contrast,  one  or  another  of  the  above  tijes  could  be  effectively  infinite. 

If  a  target  is  detected  and  entered  in  the  surveillance  ays tea,  but  is  never 
designated  vc  s  firing  unit,  the  decision  tine  will  be  infinite.  Similarly 
if  at  any  ovh-r  point  a  function  is  neither  completed  r.or  abandoned,  the 
corresponding  time  will  be  infinite.  If  tho  SAM  system  Is  unable  to  assess 
damage,  no  verdict  can  be  rendered.  In  this  instance,  engagement  time  could 
terminate  at  Intercept;  l.c.,  could  coincide  with  the  tie-up  time  while  the 
assessing  time  could  be  thought  of  as  infinite.  Clearly  the  flight  time  and 
so  the  tie-up  time  aid  the  engagement  time  will  be  dependent  upon  the  range 
of  Intercept.  Certain  of  the  other  times  may  also  be  range  dependent  accord¬ 
ing  to  how  the  SAM  system  perforin;  the  functions  covered  by  the  times. 

Many  of  the  variables  upon  which  the  above  limes  depend  must  properly 
bo  regarded  as  random.  The  spread  of  tbalr  distributions  arise  from  errors  In 
estimation  and/or  the  statist leal  nature  of  the  quantities  themselves.  Thus, 
even  for  targets  having  specific  characteristics,  the  times  will  vary  randomly 
from  engagement  to  ongagmunt;  i.o. ,  are  themselves  random  variables.  Con¬ 
sequently  we  define  the  above  times  as  the  mean  values  of  these  random  var¬ 
iables.  In  the  sequel  only  the  mesr.  values  will  enter  the  discussion  unless 
specific  statement  is  made  to  tho  contrary. 

D.  Tima  Intervals 

Of  considerable  Interest  to  the  tactical  analyst  are  the  time  inter¬ 
vals  between  successive  events  of  the  saaa  kind.  Xaportant  among  these  are: 

Initiation  interval— extending  from  the  initiation  of  a  sequent*  of 
events  loading  to  one  target  engagement  to  the  sequence  leading  to  the  next 

engagement. 

Designation  interval— extending  from  one  target  designation  to  a 
firing  unit  to  tho  next  designation  to  the  same  firing  unit. 

Launch  interval— extending  from  launch  of  one  missile  or  salvo  of 
missiles  to  the  launch  of  the  next  missile  or  salvo  by  the  same  firing  unit. 

Intercept  Interval— extending  from  intercept  of  one  target  to  the 
Intercept  of  the  next  target  by  the  sms*  firing  unit  (perhaps  employing  dif¬ 
ferent  guidance  channels). 

Verdict  interval— extending  from  one  verdict  to  the  next  by  the  same 
firing  unit. 
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Figure  4  Illustrates  these  intervals  In  their  relations  to  the  tines  and 
Instants  of  tine  discussed  in  Section  C. 
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The  iaportance  of  the  above  Intervals  stens  fro*  the  fact  that  one 
or  another  of  then  will  de  to  mine  the  lumber  of  target  engaganent*  under¬ 
taken.  l.e. ,  firepower.  If  the  firing  rate  is  Halted  bp  the  number  of 
guidance  channels  available,  the  successive  intercept  intervals  will  deter¬ 
mine  the  firepower.  On  the  other  hand,  if  the  firli*  rate  is  Halted  by 
the  launcher  cycle  tlae  (the  minimor  tiae  needed  to  load  and  flow  the 
launcher),  the  launch  interval  will  govern  firepower. 

Any  of  the  above  intervals  may  on  occasion  be  aero.  Indeed,  if  a 
SAM  unit  having  two  launchers  and  two  guidance  channels  engages  targets  in 
a  wave  attack,  then  two  engageeents  could  take  place  coincidentally,  step  by 
step;  detection,  designation,  launch,  intercept,  and  verdict  could  all  occur 
simultaneously  for  both  targets.  On  the  other  hand,  the  composition  and 
characteristics  of  a  SAM  system  aay  lapose  a  minimum  time  for  one  or  another 
of  the  intervals.  Per  a  system  with  a  single  launcher,  the  launch  interval 
must  be  at  least  as  great  ss  the  launcher  cycle  tiae.  For  a  system  with  a 
single  guidance  channel,  the  Intercept  Interval  will  be  at  least  as  great  as 
the  time  of  flight  to  the  latter  of  the  two  successive  Intercepts  and  in  most 
circumstances  must  be  even  greater  to  include  that  part  (frequently  all)  of 
the  aiming  time  during  which  the  guidance  channel  is  required. 

The  relations  between  certain  of  the  above  intervals  and  certain  of 
the  various  times  consumed  In  the  performance  of  functions,  ss  described  in 
Section  C,  are  of  interest  to  the  tactical  analyst.  We  let  (see  Figure  5) 
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If  the  annlng  time  is  constant, 
D  *  U 

and  if  the  assessing  time  is  constant 


T  »  V, 


and  so  the  differences  in  tines  of  flight,  Intercept  times  and  engagement 
times  are  equal. 


In  general,  either  D  or  V  will  be  determined  by  the  characteristics 
of  the  particular  SMI  system  and  the  other  •.rill  be  derived  from  it  by  means 
of  the  above  relation.  In  many  eases  of  Interest,  data  gathering  and: decision 
making  functions  (detection  to  designation)  can  be  performed  at  a  rate  suffi¬ 
cient  to  keep  the  firing  unit  occupied.  Also  the  interval  from  designation 
to  launch  is  often  independent  of  range  and  so  the  interval  between  successive 
launches  is  the  same  as  the  interval  between  designations.  If  the  above  hold, 
the  number  of  missiles  fired  is  determined  by  the  rate  at  which  missiles  can 
be  loaded  and  launched  or  by  the  number  of  guidance  channels  available  for 
simultaneous  control  of  missiles  in  flight.  Ir.  the  former  ca3e,  the  govern¬ 
ing  delay  is  for  launcher  readiness;  the  launch  interval  is  then  the  launcher 
cycle  time  of  the  SAM  system,  and  the  intercept  Interval  is  derived  from  it. 

In  the  latter  case,  the  governing  delay  is  for  guidance  channel  availability; 
this  delay  dictates  the  intercept  interval,  and  the  launch  Interval  is  then 
derived  from  it. 

If  the  governing  delay  is  for  launcher  readiness,  and  there  are  ML 
launchers,  each  with  a  cycle  time  TL,  then  there  will  be  launchings  in  u 
tine  T^,  so  that  on  the  average  the  launch  interval  for  the  SAK  system  Is 
Tj/Kl.  Similarly  ii  the  governing  delay  is  for  guidance  channel  availability, 
and  there  are  Kq  guidance  channels ,  each  having  an  Interval  TQ  between  success¬ 
ive  intercepts,  then  there  will  be  Mq  Intercepts  in  time  Tq,  and  so  on  the 
average .  the  Intercept  Interval  is  Tq/Mq.  It  will  frequently  suffice  to  use 
these  averages  for  launch  interval  and  intercept  interval  (See  Chapter  IV). 
However,  some  caution  should  be  exercised,  particularly  since  Tg  Is  usually 
range  dependent . 

Details  of  an  engagement  may  be  discus-id  in  either  time  of  designa¬ 
tion,  time  of  launch ,  or  time  of  intercept,  and  each  io  most  convenient  for 
certain  parts  of  the  analysis.  Certain  precautions  are  necessary  when  switch¬ 
ing  from  one  time  to  another;  such  a  change  may  involve  a  Doppler  correction, 
as  illustrated  by  the  following  example. 

if  mlssilch  with  an  average  horizontal  speed  v  are  launched  t  seconds 
apart  against  a  straight  .incoming  target  with  an  average  horizontal  speed  u, 
let  i’jl  be  the  launch  range  and  p»  the  intercept  range  for  the  i-th  missile 
(i*l,2).  While  the  missile  travels  a  distance  p,  at  jpeed  v,  the  target 
travels  a  distance  (r. -p, )  at  speed  u,  so 
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or 


U  +  $>p. 


The  interval  between  times  of  launch  is 
t  »  (rx  -  r.,)/u. 

The  interval  retween  times  of  intercept  is,  however, 

t?  “  (Px  -  P2.'/u  »  b-e  t 

1  +  - 

The  conversion  factor,  1/(1  +  u/v).  Is,  as  usual,  called  the  Doppler  correction. 

Both  slant  and  horizontal  ranges  arc  Ir.  common  use.  The  horizontal 
range  is  the  distance  from  the  lire  unit  to  a  point  on  the  ground  directly 
beneath  the  target;  the  slant  range  is  the  distance  from  the  fire  unit  to 
the  target  itself.  Neglecting  the  curvature  of  the  earth, 


where 

v  «  slant  range, 
s 

rft  •«  horizontal  range, 

H  *  target  altitude. 

If  H  is  small  compared  to  r.  ,  the  difference  between  slant  and  horizontal 
range  Is  small.  4 

For  most  of  the  studies  here  described,  horizontal  range  has  been 
found  more  convenient  to  use  than  slant  range ,  and  the  word  range  means 
horizontal  range  unless  the  contrary  is  explicitly  stated. 

E.  Zone  of  Fire 

The  zone  of  effucllv.  f ! .•_  for  a  SAM  firing  unit  is  the  region  of 
space  within  which  targets  ce  >  be  successfully  engaged.  The  zone  of  fire  is 
specified  in  terms  of  the  point  in  space  where  intercept  will  occur.  To  each 
intercept  point  there  corresponds  a  launch  point,  the  position  of  the  target 
at  the  time  of  launch.  Thus  corresponding  to  the  zone  of  fire  there  is  a  zone 
of  launch;  to  be  successfully  intercepted,  a  target  must  be  within  this  zone 
at  the  time  of  launch.  In  like  manner  the  zone  of  assignment  is  defined;  a 
target  must  be  In  thl3  zone  at  tho  time  of  assignment.  It  is  this  last  zone 
that  As  of  Interest  to  the  target  assignor. 
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The  boundaries  of  the  zone  oX’  el'feetlvc  fire  ure  determined  by  a 
number  of  considerations,  the  more  common  of  which  are  mentioned  below;  not 
all  of  these  considerations  are  relevant  to  every  system,  but  every  system 
has  limits  set  by  some  of  the  considerations  listed  or  by  similar  one 3. 

It  Is  emphasized  thut  some  of  the  boundaries  (In  the  sta.e  of  the 
defc  or '3  ignorance)  are  statistical  ir  nature:  they  are  regions  within 
which  the  performance  of  the  system  deteriorates  more  or  lees  rapidly,  so  the 
zone  of  fire  may  bo  slightly  extended  in  these  regions  at  the  cost  of  decreased 
kill  probability  or  reliability. 

The  boundaries  of  the  zone  of  effective  fire  are  indicated  in  Figure 
o  for  a  target  passing  overhead;  the  boundaries  are  discussed  briefly  bel-w. 

High-Angle  Limit:  The  high-angle  limit ,  which  results  in  an  overhead 
dead  zone,  is  usually  inside  the  bomb  release  surface  (see  below)  in  tactical 
situations  of  Interest,  and  hence  does  not  usually  limit  tactical  performance. 
Occasionally,  however,  the  fire  unit  may  be  placed  far  enough  outside  the  de¬ 
fended  area  for  the  high-angle  limit  to  take  effect;  this  limit  must  also  be 
taken  Into  account  when  the  fire  unit  is  part  cf  the  perimeter  or  area  defense 
and  engages  both  approaching  and  receding  targets.  One  of  the  following  limit¬ 
ations  on  the  system  may  set  the  high-angle  limit: 

The  launcher  may  have  physical  limitations  on  maximum  elevation, 
which  for  beamriders  and  certain  homers  sets  an  upper  bound  on  the  missile 
trajectories. 

A  maximum  elevation  limit  on  a  radar  used  for  guidance  would  set  a 
high-angle  limit  on  the  zone  of  fire.  It  is  not  to  be  expected  that  such  a 
limit  would  exist  for  tracking  or  illuminating  radars  (except  perhaps  on  ship¬ 
board),  but  such  ar.  elevation  limit  is  usual  on  many  search  radars,  and  in 
some  systems  these  furnish  at  least  a  portion  of  the  guidance  or  assignment 
intelilgence. 

The  missile  itself  may  set  a  limit  on  the  elevation  of  e.igagement; 
for  •Instant' • ,  .  i  or  more  of  the  missile  gyros  may  tumble  if  the  missile  axis 
gets  too  near  the  vertical. 

In  a  beanr-iding  system  It  becomes  difficult  to  capture  tae  missile 
in  the  capture  beam  at  the  end  of  boost  if  the  beamrate  (angular  rate  of  the 
radar  beam)  is  too  high.  For  incoming  targets  at  fixed  speed  and  altitude 
thl3  is  an  increasing  function  of  elevation  angle,  and  may  set  a  limit  on 
the  usable  elevation  angle. 

High-Altitude  Limit:  The  high-altitude  limit  on  system  performance 
is  usually  set  by  the  missile  itself,  and  constitutes  an  effective  Unit  on 
system  defense  effectiveness,  since  if  an  effective  attack  can  be  brought  in 
above  the  system  high-altitude  limit,  the  system  provides  r.o  defense  c-t  all 
against  thi3  attack.  There  is,  tnerefore,  a  real  advantage  tn  trying  to  make 
the  sy3tem  high-altitude  limit  greater  than  the  altitude  at  which  attack  is* 
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profitable,  as  determined  by  the  difficulty  of  aircraft  flight  at  high  alti¬ 
tudes,  the  loss  of  bombing  accuracy  with  increase  In  altitude,  etc. 


INTERCEPT  RAN&E 

BOUNDARIES  OF"  ZONE"  O'*  EFFECTIVE  FI  HE 


17 


MOMMlMDMtn 

ami  in  my«c$  iamutmt 

«*n m  mjmvto 


The  principal  limitation  on  missile  effectiveness  at  high  altitude 
is  the  drop  in  missile  maneuverability  resulting  from  reduced  effectiveness 
of  aerodynamic  surfaces  at  low  atmospheric  pressures.  The  maneuverability 
of  the  attacking  aircraft  is  likewise  reduced,  but  since  the  missile  usually 
needs  more  maneuverability  than  its  target,  this  faco  merely  postpones  the 
limit.  Control  independent  of  aerodynamic  surfaces  (e.g. ,  by  je-  vanes) 
could  be  used  to  raise  the  limit  imposed  by  this  consideration  if  necessary. 

The  variation  of  aerodynamic  characteristics  with  ultitude  may  impose 
a  high-alt! cude  limit  somewhat  less  directly,  since  increased  effectiveness 
at  high  altitude  (beyond  a  certain  point)  implies  decreased  effectiveness  at 
lower  altitudes.  For  example,  the  provision  of  largo  aerodynamic  surfaces  to 
obtain  high  maneuverability  at  high  altitude  increases  drag  and  reduces  range 
at  lower  altitudes.  A  compromise  must  of con  be  made  between  high-altitude 
limit  and  low-to-med .urn  altitude  performance.  The  compromise  becomes  easier 
in  systems  with  greater  freedom  of  trajectory,  (s.g  ,  command  systems,  in 
which  the  *!cniia!i$«  aitUuae"  may  to  chosen  at  will). 

Maximum  intercept  Fange:  The  maximum  effective  range  of  the  system 
plays  an  Important  part  in  the  analysis  of  system  effectiveness;  since  the 
effects  of  range  are  considered  in  detail  in  what  follows,  no  particular  com¬ 
ment  seems  necessary  here.  The  maximum  range  limit  may  be  set  by  limitations 
on  any  of  the  following  functions. 

Detection:  The  target  cannot  be  engaged  until  a  certain  minimum  time 
after  target  detection;  the  effective  range  of  the  system  is  therefore  not 
greater  than  the  detection  range  minus  the  distance  travelled  by  the  target 
during  the  time  interval  required  for  identification,  evaluation,  assignment, 
acquisition,  launching,  and  flight.  The  detection  range  depends  not  only  on 
the  missile  system,  but  also  upon  the  Target  characteristics  (i.e»,  radar 
echoing  area,  altitude,  and  speed).  The  same  argument  applies  to  the  system 
functions  of  Identification,  evaluation ,  assignment ,  and  acquisition  when  they 
show  a  range  dependence  different  from  that  of  detection.  At  low  altitude , 
the  radar  horizon  may  critically  limit  the  detection  range. 

Guidance:  The  guidance  ays’ era  has  a  range  limitation  whose  nature 
varies  from  system  to  system.  For  prediction  guidance  (guns  and  unguided 
rockets)  the  limLt  is  set  by  the  time  of  flight  over  which  prediction  is  suf¬ 
ficiently  accurate.  For  command  and  beamrider  guidance  the  limit  is  set  by 
the  fact  that  the  target  position  is  known  af  the  firing  unit  with  an  error 
which  is  angular  ar.d  hence  corresponds  to  a  miss  distance  proportional  to 
range  at  long  ranges  if  the  angular  Is  roughly  independent  of  range.  For  ac¬ 
tive  or  3emi-acllve  homing  guidance  systems  the  range  is  limited  by  the  range 
product*  obtainable. 


*The  range  product  Is  the  product  of  the  range  from  transmitter  to  target  and 
the  range  from  target  to  receiver.  For  an  active  homing  system,  in  which  the 
transmitter  and  receiver  are  both  in  the  missile,  the  range  product  is  the 
square  of  the  missile-to-target  range.  For  a  semi-active  system,  in  which 
the  transmitter  is  at  the  DAM  firing  site,  the  range  product  is  the  SAM  slte- 
to- target  range  multiplied  by  the  mlssiie-to-targct  range. 
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Flight:  The  range  of  the  missile  itself  Is  limited  by  its  fuel 
supply  ;md  by  the  trajectory  the  missile  follows.  Fuel  consumption  in  the 
dense  lower  atmosphere  is  far  greater  than  at  high  altitude. 

Low-Altitude  Limit:  A  lower  limit  on  the  altitude  of  successful 
engagement  is  set  by  *.”•  faculties  In  successful  fusing  near  the  surface  of 
the  earth  and/or  by  difficulties  in  homing  successfully  near  the  3urfac*.  of 
the  earth. 

Low-Angle  Limit:  A  limit  or.  the  minimum  angle  at  which  targets  can 
be  engaged,  distinct  from  the  maximum  range  limitation  set  v.y  the  radar  hori¬ 
zon  and  alsc.  from  the  low-altitude  limit  is  imposed  on  some  systems  by  the 
difficulty  of  radar  tracking  and/or  missile  capture  after  boost  at  low  radar 
elevation  angles. 

Minimum  Range:  The  minimum  range  limitation,  like  the  high-angle  . 
limit,  is  usually  not  troublesome  tactically  because  it  lies  Inside  the  bomb 
release  line  in  many  cases,  though  not  in  all. 

For  safety  reasons  it  is  customary  not  to  am  the  missile  warhead 
until  some  time  after  launch;  successful  engagement  is  unlikely  until  the 
warnead  has  been  armed. 

Many  missile  systems  have  a  sequence  of  operations  (launch,  stabili¬ 
zation,  capture)  which  must  be  completed  at  the  beginning  of  flight  before 
the  missile  is  under  adequate  control  of  the  guidance.  The  distance  travelled 
by  the  missile  during  this  part  of  flight  is  the  usual  limitation  on  minimum 
slant  range  for  effective  Interception. 

Certain  systems  have  a  fixed  minimum  launching  angle  whlcn  results  in 
a  dead  zone  at  short  ranges  and  low  altitudes,  since  the  missile  trajectory 
cannot  curve  sharply  enough  to  engage  targets  in  this  region. 

Clearance  Shadows:  SAM's  effective  zone  of  fire  is  normally  further 
reduced,  in  particular  Installations,  by  the  "shadows11  cast  by  nearby  obstruc¬ 
tions  as  seen  from  either  radars  or  launchers,  by  safety  restrictions  on  cer¬ 
tain  angles  of  fire  resulting  from  the  danger  from  falling  boosters  or  special 
warheads,  etc.  These  clearance  shadows  are  for  the  most  part  ignored  in  the 
present  general  discussion  for  the  sake  of  simplicity,  but  obviously  play  an 
Important  role  in  the  analysis  of  particular  installations. 

Crossing  Distance:  The  crossing  distance  of  a  target  is  defined  as 
the  distance  from  the  firing  site  to  the  horizontal  projection  of  the  target 
trajectory,  1.';.,  the  shortest  distance  from  site  to  projected  trajectory. 

Thus ,  for  instance ,  a  target  whose  trajectory  pusses  directly  over  the  firing 
unit  has  a  zero  crossing  distance.  Even  ignoring  clearance  shadows,  the  zone 
of  effective  fire  is  not  exactly  a  volume  of  revolution;  the  various  maximum 
and  minimum  ranges  at  a  given  altitude  depend  to  some  extent  upon  cro*si:ig 
distance  and  upon  whether  the  target:is  approaching  or  receding  (i.e.,  whether 
It  has  or  has  not  passed  the  point  of  closest  approach  to  the  firing  unit). 
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The  determination  of  the  exact  extent  of  the  deformation  of  the 
solid  of  revolution  in  complicated  and  depends  on  the  details  of  the  missile 
system.  But  this  deformation  is  often  relatively  slight  and  is  frequently 
ignored  In  rough  estimates  of  tactical  effectiveness. 

Bomb  Helease  Point;  The  primary  interest  of  the  analyst  often  is 
defense  (prevention  of  damage  to  the  defended  area)  rather  than  attrition 
(preventing  the  attackers  from  returning  home  to  attack  again  some  other  time) 
and  hence  attention  is  directed  to  Intercepts  that  may  prevent  the  attacker 
from  damaging  the  defended  area.  The  last  point  at  which  such  intercepts  are 
possible  is  celled  the  bomb  release  point,  even  though  Ine  atluckor'a  armeswnt 
actually  may  bo  j  torpedo ,  salvo  of  rocaetr. ,  or  some  other  weapon  than  abomb. 
If  the  attacker's  armament  Is  a  guided  alr-io-surface  missile,  then  the  bomb 
release  point  may  not  oe  the  actual  point  of  launch  of  the  air~to«*urface  mls- 
sile,  but  rather  the  last  point  ut  which  destruction  of  the  mother  plane  die* 
rupts  the  guidance  enough  to  cause  a  miss.  Or  it  may  be  the  last  point  at 
which  the  missile  itself  car.  uc  intercepted  to  prevent  damage  from  its  war- 
head.  Similar  modifications  of  meaning  in  other  cases  permit  the  same  tens- 
inolcgy  to  be  raed  throughout.  Because  the  surface  target  often  is  not  a 
point,  and  the  lethal  radius  of  the  bomb  is  significantly  greater  than  sero, 
the  bomb  release  point  may  not  be  a  point  at  all  There  may  be  a  series  of 
points  such  that  if  the  bomb  is  released  at  any  one  of  them,  damage  to  the 
surface  target  may  result,  it  is  frequently  convenient  to  define  one  point 
of  the  series  as  the  bomb  release  point;  often  th*.  first  point  of  the  series 
is  picked. 

Prom  the  point  of  view  of  defense,  as  opposed  to  attrition,  tha 
effective  sons  of  fire  is  only  that  part  of  the  region  defined  in  preceding 
paragraphs  which  Uc3  outside  the  surface  of  bomb  release  points. 


CHAPTER  III 


«M  MW  UMUMn 

urn  we  mnjM • 


Kill  Probability 


A.  Introduction 

The  immediate  Intent  of  the  defense,  having  undertaken  t' e  engage* 
nent  of  a  target,  is  to  inflict  damage  upon  that  target.  The  outcome  of 
such  an  engagement  cannot  with  certainty  be  predicted  in  advance.  Many  of 
the  variables  upon  which  the  outcome  depends  are  of  necessity  random.  Con¬ 
sequently  the  outcome  Itself  is  a  random  event.  Thus  t’e  can  speak  of  the 
probability  tbit  the  target  will  be  damaged;  i.e.,  of  the  kill  probability. 

In  broad  terms  the  kill  probability  of  &  missile  depends  upon  the  reliability 
of  the  missile  (does  it  function  us  Intended),  upon  the  guidance  accuracy  of 
the  missile  system,  upon  the  fusing  (13  the  warheud  detonated  at  the  proper 
time),  and  upon  the  warhead  lethality,  before  Investigating  these  factors 
in  any  detail,  it  Is  first  necessary  to  consider  the  kind?  of  damage  that 
can  be  inflicted  upon  the  target,  the  ways  in  which  damage  may  be  inflicted, 
and  the  mean3  for  inflicting  it. 

A  target  can  be  damaged  in  many  ways.  Most  defensive  missiles  ere 
designed  to  produce  damage  in  one  or  more  of  the  following  ways: 

Destroy  vital  structural  members  of  the  target  aircraft. 

Incapacitate  a  sufficient  number  of  components  of  the  control 
system  of  the  target  aircraft  to  prevent  continued  control  of 
flight. 

Disable  the  propulsion  system  of  the  target  aircraft  either 
by  damaging  enough  components  of  the  system  to  prevent  continued 
operation  or  by  cutting  off  the  fuel  supply  (severing  fuel  lines 
or  igniting  fuel  supply). 

Incapacitate  a  sufficient  number  of  components  of  the  offensive 
weapon  control  system  to  prevent  satisfactory  delivery  of  the 
weapon. 

Disable  the  firing  mechanism  of  the  offensive  weapon  or  eauee 
premature  detonation  of  the  weapon. 

incapacitate  a  sufficient  number  of  air  crew  members  to  prevent 
satisfactory  control  of  the  target  aircraft  or  delivery  of  Its 
weapon. 

Clearly  many  of  the  damaging  effects  listed  above  will  lead  ultimately , 
if  not  lsmedlately,  0  the  destruction  of  the  target  aircraft.  If  the  aircraft 
control  or  propulsion  systems  arc  disabled  the  aircraft  nay  vary  likely  crash. 
Nor  is  the  aircraft  apt  to  remain  intact  if  its  offensive  weapon  is  detonated. 

On  the  other  hand,  other  effects  listed  above  may  prevent  successful  delivery 
of  the  offensive  weapon  but  leave  the  target  aircraft  Itself  undamaged.  The 
tine  at  which  damage  takes  effect  may  be  important.  The  damaging  effect  may 
in  time  bring  about  the  destruction  of  the  target  aircraft,  but  not  until  after 
the  offensive  weapon  has  been  successfully  delivered.  Thus  the  importance  of 
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any  one  damaging  effect  nay  rest  upon  whether  the  primary  objective  of  the 
defense  is  to  exact  attrition  (destroy  target  aircraft)  or  to  prevent  damage 
to  the  surface  target  (prevent- successful  delivery  of  the  offensive  weapon). 
Because  ot‘  the  importance  of  the  defense  objective  and  of  the  time  interval 
following  the  defensive  missile  viarhead  burst  before  cir-,age  takes  effect,  a 
standard  nomenclature  for  categories  of  aircraft  damage  has  been  adopted  in 
the  U.S.,  based  on  the  time  interval. 

The  types  of  damage  and  choir  definitions  arc  listed  below. 

KK  damage  -  immediate  catastrophic  disintegration  of  target  aircraft. 

K  damage  -  damage  from  which  the  target  aircraft  begins  to  fall 

within  10  ascends  of  the  defensive  missile  warhead  burst. 

A  damage  -  damage  from  which  the  target  aircraft  begin#  to  fall 

witnln  ■)  minutes  of  the  defensive  missile  warhead  burst. 

h  damage  -  damage  frtv.  which  t:x  target  aircraft  begins  te  fall 
within  2  hours  of  the  defensive  micelle  warhead  burst. 

C  damage  -  damage  such  Shat  the  aircraft  is  unable  to  successfully 
deliver  its  uffentive  weapon. 

£  damage  «  damage  suen  that  the  aircraft  is  unable  to  successfully, 
land  at  its  hose  base. 

Those  categories  obviously  era  not  muluUly  exclusive.  The  category 
most  appropriate  for  the  analyst  to  consider  will  depend  upon  the  nature  of 
the  problem  facing  him.  Jf  Lhu  attack  is  by  aircraft  .on  one  way  missions, 
e.g. ,  surface  •U*-r»urface  miaollus,  then  C  damage  is  of  particular  interest. 

If  the  purpose  of  the  defense  is  to  exact  attrition,  tlie  analyst  will  devote 
his  attention  to  £  damage .  If  the  proclem  racing  else  analyst  involves  early 
daaage  assessment  by  the  defense  in  order  to  improve  the  coordination  of  fire, 
then  KK  and  K  daaage  are  the  categories  of  prtaury  concern. 

A  variety  of  lethal  agents  may  be  omployed  in  the  design  of  defensive 
missile  warheads  to  produce  different  damaging  effects.  Typical  are  high  speed 
netal  fragments,  bloat,  aetol  rods,  Intense  heat,  and  radiation.  A  warhead  may 
Incorporate  one  or  more  lethal  agents.  The  common  tyi*ec  of  warheads  ere: 

Fragment  warhead ,  designed  to  unit  a  large  number  of  smell  places 
of  netal  moving  at  sufficiently  high  speed  to  damage  vulnerable 
components  of  the  target. 

Internal  blnet  warhead,  designed  to  emit  one  or  more  maall  packages 
of  high  explosive ,  each  able  to  penetrate  the  target  alreraft  skin 
ajtd  then  detonate,  producing  bloat  ir.temcl  to  the  alreraft. 

External  blast  warhead ,  designed  to  produce  Impulsive  loading  on 
portions  of  the  aircraft  structures. 

Hod  warhead,  designed  to  call  metal  rode  or  burs  of  sufficient 

length  and  musu  and  moving  at  sufficient  spt-od  to  sever  structural 
elements  and/or  damage  vulnerable  cumpbnents  of  the  target  aircraft, 
nuclear  warhead,  producing  blast,  thermal  of fuels,  and  radiation. 
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A  defensive  missile  must  be  provided  with  sons  means  for  detonating 
its  warhead  at  the  appropriate  time.  Two  widely  used  means  are  proximity 
fusing,  wherein  a  fusing  device  senses  when  the  missile  is  in  the  vicinity 
of  its  target  and  then  actuates  the  firing  mechanism  of  the  warhead,  and 
command  detonation,  wherein  the  SAM  site  determines  when  the  missile  Is  In 
the  vicinity  of  the  target  and  then  transmits  a  signal  to  the  missile  which 
actuates  the  firing  mechanism.  Another  less  widely  used  means  for  warhead 
detonation  is  contact  fusing;  on  direct  contact  of  the  missile  with  the  tar¬ 
get  aircraft  the  contact  fuse  actuates  the  firing  mechanism. 

B.  Definition  of  Kill  Probability 

Suppose  that,  as  an  experiment,  a  single  missile  were  launched  at 
a  single  target.  A  kill  either  would  or  would  not  result  and  the  ratio  of 
number  of  targets  killed  to  number  of  missiles  launched  would  be  1  or  0.  If 
the  identical  experiment  were,  repeated,  the  cumulative  ratio  could  be  computed 
again,  tilth  each  repetition  the  ratio  could  be  recomputed  and  would  show  a 
change;  as  the  number- of  experiments  increased,  the  ratio  uculd  show  less  and 
less  variation,  tie  define  the  kill  probability  p  of  a  missile  as  the  limit  of 
the  ratio  of  the  number  of  targets  killed  n*  to  the  number  of  missiles  launched 
n^,  as  the  number  of  launchings. increases  without  limit. 
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In  the  aoove  definition  the  category  of  kill  oust,  of  course,  be  specified  as 
well  as  what  cro-riltutee  a  launching;  e.g  ,  when  tho  missile  leaves  the  launcher, 
or  when  the  launching  button  is  pressed. 

The  sequence  of  events  that  must  occur  in  order  that  an  engagsmsnt  of 
a  target  by  a  defensive  missile,  ones  undertaken,  shall. result  in  s  kill  san 
be  summarised  os'  follows:  the  missile  must  fly  along  a  trajectory  that  passes 
through  or  near  to  the  target,  the  warhead  must  be  detonated  at  acme  point 
along  tho  trajbc*wy  hear  toe  target,  and  the  damaging  agent  or  agents  of  the 
warhead  must  inflict  the  prescribed  damage. 

The  missile  may  fail  to  fly  a  satisfactory  trajectory  because  com¬ 
ponents  of  the  missile  itself  or  of  equipment  at  the  SAM  site  do  not  function 
as  intended,  or  because  aetive  countermeasures  taken  by  the  enemy, so  altar 
the  environment  that  the  SAM  system  as  designed  cannot  perform  as  doslrod.  In 
althsr  east,  the  failure  nay  be  complete  in  that  the  missile  does  not  fly  at 
all  or  tha  flight  terminates  long  before  intercept.  Alternatively  the  failure 
may  be  one  of  degree—the  missile  flies  but  tha  trajectory  passes  too  wide  of 
tha  mark.  Thus  "satisfactory  trajectory"  connotes  nr amass  to  target.  Bow 
near  the  trajectory  must  be  to  be  satisfactory  la  of  necessity  an  arbitrary 
choice.  Before  making  this  choice  explicitly,  we  must  first  atata  what  la 
meant  by  nearness,  tie  adopt  a  widely  used  notion  of  miss  distance,  defined 
os  the  distance  from  the  target  center  of  gravity  to  tha  point  of  closest 
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approach  of  the  trajectory  (or  its  extension),  it  i3  then  convenient  to 
define  a  satisfactory  trajectory  as  one  for  uhich.  the  miss  distance  is  less 
than  some  prescribed  distance  R.  Clearly  R  should  be  chosen  large  enough  to 
include  all  missiles  that  perform  as  intended  in  a  normal  environment.  We 
shall  later  see  that  R  should  also  be  sufficiently  large  so  that  no  missile 
with  miss  distance  greater  than  R  can  inflict  damage  cn  the  target;  otherwise 
our  later  development  will  yield  a  false  value  for  p. 

Even  if  the. missile  trajectory  is  satisfactory,  the  warhead  In  the 
missile  may  fail  to  detonate  near  the  target.  Failure  may  be  caused  by  mal¬ 
function  of  the  fusing  or  firing  mechanism,  by  active  countumeasuires  taken 
by  the  enemy,  by  natural  environmental  conditions  such  as  weather,.  or  by  char¬ 
acteristics  intentionally  incorporated  in  the  fuse,  /at  example  of  the  last, 
often  found  in  proximity  fuses ,  is  a  rather  sharp  cut-off  range  to  prevent 
the  fuse  from  triggering  or. .anything  other  than  the  intended  target;  e;g. , 
the  earth's  surface  in  the  case  of  low  altitude  intercepts.  Whatever  the 
cause,  the  detonation  may  not  occur  at  all  or  it  may  occur  too  early  or  too 
late.  "Satisfactory  detonation"  also  connotes  nearness  to  target,  and  bow 
near  a  detonation  must  be  to  be  satisfactory  is  also  a  necessarily  arbitrary 
choice.  Again  we  must  state  what  is  meant  by  nearness.  Ue  measure  the, 41a-  - 
tahee  along  the  trajectory  from  the  plane-normal  to  the  trajectory  and  through 
the  target  CO  to  the  point  of  detonation.  We  then  define  a  satisfactory  det¬ 
onation  as  one  occurring  within  a  prescribed  distance  Z  of  this  normal  plane. 
Clearly  Z  should  be  chosen  large  enough  to  include  all  detonations  that  occur 
from  normal  operation  of  the  fuse,  firing  mechanicn,  etc,  in  a  norsal  environ¬ 
ment.  It  is  also  important  that  2  be  large  enough  to  Insure  that  ho  detonation 
at  a  distance  greater  than  Z  will  cause  damage  to  the  target.  By  our  defini¬ 
tions  a  missile  vrill  have  u  satisfactory  trajectory  and  satisfactory  detonation 
If  its  warhead  detonates  within  a  truncated  tube  (see  Figure  7)  centered  at  the 
target  and  having  length  22  and  circular  cross  section  of  radius  R. 


figure  Y 
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A  missile  whose  warhead  detonates  within  this  truncated  tube  or 
whose  trajectory  passes  through  the  tube  but  detonation  falls  to  occur  by 
design  Intent  Is  said  to  be  operable.  Whether  a  missile  will  be  operable 
or  not  Is  dictated  by  many  chance  occurrences;  we  can  speak  only  of  the 
probability  that  it  will  be  operable.  This  probability  is  commonly  referred 
to  as  missile  operability  or  missile  reliability.  We  define  missile  relia¬ 
bility  ps  as  the  limit  of  the  ratio  of  the  number  of  operable  ml.siles  to 
the  number  of  missiles  launched  as  the  number  of  launchings  lncreases 
without  limit. 


In  come  contests,  for  wcauple  when  considering  quality  control  la 
missile  production .  a  missile  is  said  tc  be  operable  unless  its  warhead  fails 
to  detonate  inside  the  truncated  tube  because  of  missile  malfunctions: only. 

In  this  case  the  missile  reliability  p„  u  defined  above  can  be  broken  down 
into  two  factors,  one  being  the  probability  of  no  missile  malfunctions  and 
the  other  the  conditional  probability  that,  if  no  malfunctions  occur,  the 
missile  will  be  operable  In  our  no re  restrictive  sense ,  i.e, ,  the  effects  of 
countermeasures  and  other  influences  are  separated  from  those  of  malfunction*. 
In  like  manner  the  effects  of  different  kinds  of  malfunctions  can  be  separated, 
e.g.,  those  involving  missile  '’repulsion ,  guidance,  or  fuss  and  warhead.  Hare- 
after  ue  will  adhere  to  our  more  restrictive  definition  of  reliability,  admit¬ 
ting  to  the  select  group  of  operable  missiles  only  those  missiles  tftat  dstonmts 
within  the  truncated  tube  or  fail  to  so  detonate  by  design  intent. 


An  operable  missile  may  still  fail  to  Inflict  the  prescribed  damage 
on  the  target,  feuause  of  the  discreteness  of  the  projectiles  ejected  by  scam 
warheads  no  vital  portion  of  the  target  may  be  hit,  or  impulsive  loading  from 
an  external  blast  warhead  may  be  insufficient  to  cause  the  prescribed  damage. 

We  define  the  kill  probability  p.r  of  in  operable  missile  to  be  the  limit  of 
the  ratio  of  number  of  ml/clles  that  produce  kill;  to  the  number  of  operable 
missiles  as  the  latter  Increases  without  limit. 
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The  probability  p<,  la  a  conditional  probability,  i.a. ,  la  the  prob¬ 
ability  that,  if  operable,  a  missile  will  kill.  However,  to  avoid  later 
confusion,  we  will  call  pK  simply  the  kill  probability  of  an  operable  missile. 

Combining  equations  (2)  and  (3)  we  have 
P  *  PH  PK 

C.  Kill  Probability  ofan  Operable. Missile 

.Confining, our  attention  now  to  operable  aispiljs,  the  likelihood  of 
kill  will  in  general  vary  depending:  on  the  precise  position  of  detonation. 

Thu*,  the  hill  probability  pK  of  an  operable  missile  is  this  product  of  the 
conditional  kill  probability  that  if  detonation  occurs  at  a  particular  point 
in  the  tube  a  kill  will  result  and  the  probability  that  the  detonation. occurs 
at  that  point,  summed,  oyer  all  points  in  the  truncated  tube,  ^ploying  ah' 
integral  representation  for  p..  we .have 

(4)  PK  «  JpD{»)h(S)dS 

where  d5  Is  an  eleswnt  o?  volume  in  the  truncated  tube 

h(s)di>  is  the  probability  that  detonation  oeeure  in  dS 

PD(S)  "is  the  conditional  probability  of  kill  If  detonation 
‘  occurs  at  a  point  5  in  d3 

I  is  the  volume  of  the  truncated  tube. 

Although  we  are  here  considering  only  operable  missiles ,  a  datamation 
still  nay  not  occur,  because  of  fuse  cut-off  range,  for  example.  Urns,  the 
integral  of  h(3)  over  the  truncated  tube  may  be  lees  than  one,  and  ao  wo  have 

(5)  /h(S)dSSi 

I 

In  moat  situations  of  interest  the  segeant  ofwisallotrajeotory 
lying  within  the  truncated  tube  may,  for  the  purposes  of  this  Asp  ter,  be 
adequately  approximated  by  a  straight  line  sapient  amt  so  the  tmneated  tub# 
may  bo  thought  of  as  a  right  circular  eylinder  of  radius  R  and  height  81; 

Using  a  cylindrical  coordinate  system  centered  at  tho  target  and  with  s  axis 
parallel  to  the  missile  trajectory  the  element  of  volume  dS  may  than  be 
written  ae 

d;5  »  rdrddds. 

Furthermore,  the  misa  distance  is  Independent  of  tho  position  along  the 
trajectory  at  which  detonation  occurs,  although  converse  is  not  in  general 
true.  Hence  the  probability  density  function  h(3)  can  he  written 


where 


h(S)  «  g(r,d)f(r,«,z) 


g(r,e)rdrd9  *  probability  that  the  trajectory  or  Its  extension 
passes  through  an  element  of  area  noraal  to  the 
trajectory  and  containing  the  point  (r,®), 

f(r,0,z)dz  *  conditional'  probability that  If:  the  trajectory 
is  at  (r,8) ,  the  detonation  will  occur  in  a 
linear  element  da.  containing  2 . 

Sin'e  we  are  here  speaking  only  of  operable  missile-;:,  and  by 
definition  a  missile  with  trajectory  passing  outside  the 'tube  Is  not  oper- 
able ,  We  mist  have 


r  an 
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Hence,  from  equation  ( fj)  we  have 

R  2s 

h(3)ds 


J  j  g(r,»)  .  I  f{r,»,t)ds|i  rdrd®  2  1 
*-z 


0  0 


and  so  the  integral  of  f  with  respect  to  s  may  be  less  than  one,  c  conse¬ 
quence  of  fuse  cut-off,  for  example.  So  we  have 


(6) 


£ 

jf  f(r,f ,s)ds2i 


Substitute  for  h(S):  and  dS  in  equation  (4)  we  have 


(7) 


PK 


PD{ri#,x)f(r,#,*)g(r,#)rdrd«ds  . 


0.  Quldanoe  Accuracy 

The  distribution  of  missile  trajectories  in  the  tube  can  most 
easily  be  described  b/  the  distribution  of  the  intersections  of  the  tra¬ 
jectories  with  the  plane  normal  to  than  and  passing  through  the  target. 

For  most  guidance  systems,  including  beamriding,  command,  and  homing  sys¬ 
tems,  this  distribution  can  be  reasonably  approximated  by  a  two-dimensional 
normal  or  3aus*lan  distribution  in  which  the  two  dimensions,  one  vertical 
and  the  other  horizontal,  arc  statistically  independent.  In  many  cases, 


vertical  and  horizontal  standard -deviations  are  equal  and  the  distribution 
of  trajectories  reduce  to  a  circular  noma!  .or  radial  normal  distribution.. 
However,  at  times  such  is  not  the  case;  for  example,  at  low  angles  greater 
dispersion  nay  occur  in- the  vertical  than  in  the  horizontal  direction. 
Often  the  distribution  of  trajectories  will  be  centered  at- the  target,, 
though  not  always-  For  example,  a  boreslght  error  in  the  guidance  radar 
may  mean  that  al?  missiles  are  biased  in  some  manner. 


A  counon  type  of  proximity  fuze  is  the  fixed  angle  faze  which: 
emits  clectronic  radiation  symmetrically  in  a  narrow  team  at  fixed  angle 
to  the;  missile1  axis  as  shown  in  -Figure  B. 


riiZC  f^TTERN 
Figure- 8 

If  the  target  aircraft  intercepts  the  radiation,  the  fuse  is  triggered  by 
the  return  echo  and  firing  mechanism  actuated,  A  small  delay  inevitably 
occurs  between  fust  triggering,  i.e.  /‘the  instant  at  which  the  return  echo 
from  target  is  detected,  and  detonation  of  the  warhead.  Frequently  this 
delay  is  intentionally  lengthened  in  order  to  place  the  detonation  at-the 
desired  point.  As  mentioned  earlier,  a  proximity  fuse  is  often  designed- 
to  have  a  rather  sharp  cut-off  range  to  prevent  the  fuse  from  triggering 
on  anything  other  than  the  Intended  target. 


The  position  of  the  warhead  detonation  along  the  trajectory  will 
depend  upon  the  size  and  shape  of  the  target  and  the  aspect  of  approach; of 
the  missile  to  the  target  as  well  as  on  the  fuze  radiation  angle  and  time 
delay.,  The  cut-off  range  will  prevent  detonation  if  the1  miss  distance  is 
sufficiently  large.  Because  of  irregular  shapes  of  targets  andvagorlcsin 
reflection  coefficients  of  targets  to  electromagnetic  radiation,  the  .prob¬ 
ability  density  .'function  f  may  assume  any  of  several  fonts.  For  soiejpur- 
poses  it  is.  permissible,  to  assume,  that  the  distribution-  of  ‘  detonation  posi¬ 
tions  is  Gaussian  with  regards  to  z.  For  other  purposes  it  Is  necessary  to 
treat  individual  cases  separately  or  to  make  alternative  siEplifylngassuap- 
tions';  "  " 

jh  the  event  a  cut-off  range  is  incorporated  in  the  fuze,  the:  de¬ 
pendence 'Of  f  onsmiss  distance -r -may;  talce  any  of  several  forms .  If  the  cutr 
off  is  indeed  .sharp  and  the- tirgst-  Is  shall,  f  can  lie  approximated  b^  a  rec¬ 
tangular  distribution  ,lr.  r,  extending  from  0  to  the  cut-off  range  r^ . 


FUZING-  PROBABILITY 

Figure  9 

If  Tf  is  sufficiently  large,  the  cut-off  will  have  no  significant  effect  on 
PK,.  l.o. ,  either  pD  or  g  will  become  very  small  before  the  cut-off  range  is. 
reached.  Often  the  cut-off  is  not  so  precisely  defined.  A  more  suitable 
approximation  to  f  is  then  some  form  of  exponential,  as  depicted  in  Figure  9; 
a  convenient  approximation,  borne  out  in  many  cases  by  more  detailed  analysis 
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whore  u  is  a  constant  characteristic  of  the  fuze  and  the  target. 
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A  second,  type  of  proximity  ^ze:  uses,  thevdoppier  shift  in  the  ror 
tu  Elation  from  the  target  to  determine  the  proper  detonation  position, 
thu^s  the  radiation  is  confined  to  a  sharp  beam,  considerable  dispersion  in 
detonation  positions  will  occur  and  use  of  a- acuissian^ distribution  of  detona¬ 
tion  positions  aay  be  permissible.  If  the  radiation- bean  is  sharp)  the  dis¬ 
tribution  of  detonation  positions  cay  be  similar  to  that  for  the  fixed  angle 
fuze. 

In  the  aost  coaqon  comaiand  detonation  scheme  the  ranges  to  missile 
and  to  -target  are  measured  at  the  r.AM  site  andwhenthesemeasured  rangeabe- 
come  coincident  a  detonation  signal  is  trahsmitted!to  the  missile .  The  dis¬ 
tribution  of  d- tonation  positions  is  thus  3iaiJ,ar  to  the  distribution  of  .er¬ 
rors  In  range  measuremcnt  and  usually  can  be  assumed  to' be  Gaussian. 

Conditional Kill ■•probability 

The-  conditional  probability- that  if  the  .detonation  occurs  at  a 
particular  point  damage  of  the  presented  category  wlli  occur,  is  critlcally 
dependent  on  the  typej-of  warhead  and  on  the  characteristics  of  the,  target. 

For  this  r^hson  the1 discussion  of  pD -will;  be  given,  separately  f or : each. war¬ 
head  type  iruturn. 

FragBentatlorivWarhead, 

A  fragment  warhead  is  designed  to  emit  a  large  number  of  fragments 
at  high  velocity.  bfteh-  confined-  to  a  fairly  narrow  beam  haar  the  equatorial 
plane  of  the.  missile  aridrsymmetrical  about  the missile  axis.  Figure  lO  der- 
picts  a  typical  fragment  warheudburst. 


FRAGMENT  WARHEAD 

Figure  10 
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The  detonation  of  a  fragment  warhead  at  any  point  S  can  be  charac¬ 
terized  by  the  fragment  density,  fragment  mass,  fragment  striking  velocity 
and  the  angle  of  approach  of  fragments  to  aircraft  components.  A  common 
measure  of  fragment  distribution  is  the  expected  number  of  fragments  per 
unit  solid  angle,  having  vertex  at  the  warhead  center.  „ A.  typical  fragment 
distribution  is  illustrated  in  Figure  11. 


where  D(jf)  Is  the  expected;  number  of  fragments  per  unit  solid  angle  and Jf  la 
the  angle  iron  the  forward-missile  axis.  Since  0  *  arc  tan  r/z,  angular 
density  D(0)  can  be  expressed  in  terms  of  r  and  z,  variables  of  Integration 
In  equation  (7). 


In  many  fragment  warhead'  designs  provision  is  made  to  control'  the 
■ass  of  individual  fragments.  Test  firings;  indicate  that  a  high  degree  of 
control  is  possible.  The  striking  velocity  of  fragments' defends,  of  course, 
upon  the  Initial  fragment  velocity,  the  air  density.,  the  distance  from  war¬ 
head  center  to  the  impact  point,  and  the  missile  and  target  velocities.  Exr 
perimental  firings  indicate  that  the  striking  velocity  falls  off  exponentially 
with  this  distance.  The  vulnerability  of  aircraft  components  to  the  impact 
of  high  velocity  fragments  is  usually  determined  experimentally.  A  large 
number  of  fragments  of  given- mass  and  velocity  are  fired  at  whole  aircraft 
or  parts  of  aircraft  under  simulated  flight  cor  .it ions.  Experienced  warhead 
analysts  then  assess  the  damage  to  aircraft  components  using  their  good 
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Judgment  to  ascertain  how  many  of  the  fragments  that  hit  a  component  would 
inflict  damage  of  the  prescribed  category.  The  rrtlc  vf  killing  fragments 
to  hits  provides  an  estimate  of  the  probability  pc  t£.at  if  hit,  a  component 
will  be  killed.  Having  determined  p,  as  a  function  of  fragment  character¬ 
istics  and  aspect,  we  then  define  ,iu  vulnerable  area  Ay  ci  the  component 
as  an  equivalent  area  such  that  if  hl'i  by  a  fragment  a  kill  is  cert- in  to 
result;  1 .e. , 


A  =  p  A 
v  c  p 


where  Ap  is  the  presented  area  of  the  component.  Because  of  air  drag  on 
fragments,  pfi  ar.a  so  A  may  depend  upon  miss  distance  r. 

The  distribution  of  fit,  t  hits  on  an  aircraft  may  be  biased  be¬ 
cause  of  large  fuzing  errors  or  may  be  highly  localized  because  the  detonation 
occurs  close  to  the  aircraft.  The  latter  circumstance  is  of  limited  importance 
since  for  such  near  misses,  the  blast  from  the  warhead  detonation  may  itself 
be  lethal.  The  former  will  not  be  Important  if  fuzing  errors  are  small  com¬ 
pared  to  target  size  and  the  fragment  beam  covers  the  target.  Neglecting  fuz¬ 
ing  errors  and  near  misses,  the  distribution  of  fragment  hits  is  likely  to  be 
random;  i.e.,  all  part3  of  the  aircraft  are  likely  to  be  hit.  Assuming  the 
target  to  have  just  one  vulnerable  component,  the  conditional  kill  probability 
Pp  is  the  probability  of  at  least  one  hit  occurriiig  on  the  vulnerable  area  of 
the  component,  since  such  a  hit  is  by  definition  lethal.  It  is  x'easonable  to 
assume  that  the  distribution  of  hits  on  the  component  follows  a  Poisson  law. 

The  conditional  kill  probability  is  then 


-D(#)  sin#  A 


(3) 


PD  «  i  -  e 


since  the  average  number  of  hits  on  the  vulnerable  area  of  the  component  is 
D(#)  sin2#  A 


If  the  target  possesses  several  vulnerable  components,  the  killing 
of  any  one  of  which  will  constitute  a  kill  of  the  target;  i.e.,  the  target  is 
singly  vulnerable,  then  the  overage  number  of  hits  on  vulnerable  areas  of 
components  is 


D(#t)  sin2^  Ayl 


wnere  the  index  1  ranges  ovo:1  ..il  iMiiipjiients.  The  conditional  kill  probabil¬ 
ity  Is  then 
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If  the  target  is  small  relative  to  the  distance  to  detonation  point  and  to 
the  fragment  beam  width,  or  if  all  vulnerable  components  are  clustered  so 
that  i*j  and  0^  do  not  vary  significantly  with  i  then 


Some  targets  are  so  constituted  that  a  combination  of  vulnerable 
components  must  he  killed  l:.  order  to  Kill  the  target  (e.g.,  3  out  of  4  en¬ 
gines  or  both  pilot  and  copilot),  huch  targets  are  called  multiply  vulner¬ 
able.  The  calculation  of  p,.  for  multiply  vulnerable  targets  is  far  more 
complex.  Most  missile  warheads  today  are  being  designed  to  inflict  struc¬ 
tural  kills  and  most  targets  are  singly  vulnerable,  to  structural  damage. 
Consequently  we  omit  any  detailed  consideration  of  multiply  vulnerable 
targets. 


Carlton  Approximation 


An  alternative  approximate  expression  for  the  conditional  kill 
probability  pD>  known  as  the  Carl  tor.  approximation,  is  of  interest  in  that 
It  permits  ready  evaluation  of  tr.e  Integral  of  equation  (7)  for  several 
situations  of  interest.  The  approximation  assumes  that  pD  is  independent 
of  0.  We  write 

2 


(9: 


e 


where  c  is  a  constant,  characteristic  of  the  warhead  and  target.  Unfor¬ 
tunately  no  complete  relationship  is  known  between  the  constant  c  and  the 
many  parameters  describing  the  warhead  and  target.  In  consequence  the 
Carlton  approximation  is  useful  primarily  in  Investigating  the  effects  of 
variations  In  fuzing  and  guidance,  after  a  value  for  c  has  been  chosen  to 
fit  more  careful  calculations  for  one  set  of  assumptions  regarding  fuzing 
and  guidance. 

Internal  Blast  Warhead 

The  detonation  of  an  internal  blast  warhead  is  in  many  way#  similar 
to  that  of  a  fragment  wsrreud,  in  that,  on  detonation,  the  internal  blast  war¬ 
head  emits  one  or  more  subprojectil^s,  each  containing  a  high  explosive  charge 
which  is  designed  to  detonate  after  penetrating  the  target  aircraft  skin.  Two 
critical  problems  facing  the  internal  blast  warhead  designer  are  provision  of 
a  sufficient  number  of  subprojectiles,  ench  containing  a  lethal  high  explosive 
charge,  and  provision  of  a  sutp>oJectile  fuzing  mechanism  that  will  be  insensi¬ 
tive  to  the  forces  It  exp*  rier.:ev  at  ejection  but  sensitive  to  impact  with  the 
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target,  in  order  to  cause  detonation  ol*  the  high  explosive  charge  at  or  Just 
inside  the  target  skin.  However,  such  a  detonation,  if  it  does  occur,  will 
usually  be  lethal. 

Characteristics  of  an  internal  blast  warhead  that  differ  signifi¬ 
cantly  from  those  of  a  fragment  warhead  are: 

The  density  of  subprojectiles  is  much  lower. 

A  considerably  greater  portion  of  the  target  is  vulnerable 

to  subproject iles. 

The  sut projectile  beam  angle  0,  measured  from  the  forward 

missile  axis,  is  usually  smaller. 

In  some  cases  more  than  one  beam  of  subprojectiles  is  ejected. 

The  conditional  kill  probability  expression  for  fragment  warheads 
(equation  (8))  is  often  suitable  for  Internal  blast  warheads,  although  den¬ 
sity,  angle,  and  vulnerable  area  will  differ. 

External  Blast  Warhead 


The  detonation  of  an  external  blast  warhead  produces  a  shock  wave 
which  may  be  characterised  at  any  nearby  point  by  Its  peak  overpressure  and 
its  positive  impulse  (the  integral  of  pressure  over  the  interval  of  time  dur¬ 
ing  which  the  pressure  exceeds  the  ambient  atmospheric  pressure).  Damage  to 
an  aircraft  from  such  a  detonation  appears  to  be  a  consequence  of  a  combina¬ 
tion  of  the  effects  of  peak  overpressure  and  positive  impulse. 

The  vulnerability  of  an  aircraft  to  blast  is  custoaiarily  determined 
experimentally,  in  a  manner  similar  to  that  used  for  fragment  warheads.  Static 
warhead  firings  are  made  against  whole  aircraft  or  parts  of  aircraft,  and  the 
resulting  deformations  are  assessed  by  experienced  warhead  analysts  to  ascer¬ 
tain  whether  the  deformations  constitute  damage  of  the  prescribed  category. 
Pressure  measurements  are  mude  during  the  firings,  from  which  peak  overpressure 
and  positive  impulse  ore  obtained.  Some  combinations  of  pressure  and  impulse 
produce  lethal  damage,  and  others  do  not.  On  a  pressure-impulse  plot,  thebe 
combinations  fall  in  two  regions,  a  damage  region  and  a  no-damage  region, 
having  a  fairly  well  defined  boundary ,  called  a  damage  curve,  as  depicted  In 
Figure  12. 
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Figure  12 

The  location  of  the  damage  curve  on  such  a  pressure-impulse  plot  will  depend 
upon  the  toughness  of  the  type  of  target  considered,  l.e. ,  how  well  it  can 
withstand  the  effects  of  blast. 

Since  both  pressure  and  Impulse  fall  off  with  Increasing  distance 
from  the  detonation  point  of  the  warhead,  a  crossover  fro*  the  damage  region 
to  the  no-damage  region  of  the  pressure-impulse  plot  will  occur  at  some  dis¬ 
tance  out  from  the  detonation.  Thus  a  damage  contour  about  the  aircraft  can 
be  defined  such  that  detonations  within  the  contour  produce  dimage,  and  de¬ 
tonations  outside  the  contour  do  not.  In  fact,  damage  contours  are  custom¬ 
arily  derived  directly  from  the  results  of  test  firings.  The  distances  -"d 
aspects  between  the  aircraft  or  aircraft  parts  and  the  detonation  point  are 
recorded,  points  for  which  static  firings  do  and  alto  do  not  produce  lethal 
damage  are  plotted  about  an  outline  of  the  target,  and  the  boundary  dividing 
the  damage  and  no-damage  regions  Is  drawn.  Typically  this  boundary  la  rather 
sharply  defined.  The  damage  contour  thus  drawn  will  depend  on  the  slxt,  shape, 
and  toughness  of  the  target  and  on  the  high  exploalve  charge  In  the  warhead. 
Because  of  the  Irregular  shape  and  varying  toughness  of  most  aircraft,  the 
contour  will  usually  Itself  be  Irregular;  Figure  13  shows  a  croaa-eeetlon  of 
a  typical  contour. 
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To  each  point  on  too  damage  contour  there  corresponds  a  osmklnatlen  of  pook 
overpressure  and  positive  lapulM.  Each  coablnatlon  corresponds  In  turn  to 
•  point  of  tho  damsge  curve  on  the  presaure-lapulse  plot. 

The  dlacuaalon  thus  for  has  dealt  with  static  firings  at  or  near 
sea  level.  However.  In  an  air  tattle  neny  intercepts  will  ooear  at  hi#  al¬ 
titude.  where  variations  In  ahblent  etac spheric  pressure  and  In  tanppvataro 
will  significantly  alter  the  behavior  of  a  shook  wave.  Thus  a  naans  far  scal¬ 
ing  the  sea  level  results  to  altitude  Is  roqMlrsd.  A  convenient  and  satis¬ 
factory  aeans  la  to  scale  both  peak  overpressure  and  positive  lapulse  to  al¬ 
titude,  and  then  define  a  new  damage  contour  to  correspond  to  the  damage  curve 
derived  earlier  for  the  target  in  question.  It  should  be  noted  that  a  simple 
increase  in  distance  between  target  and  detonation  at  hlghsr  altitude  will  not 
alone  reproduce  any  particular  combination  of  pressure  and  lapulse.  However, 
on  appropriate  Increase  In  distance  at  higher  altitude  will  produce  another 
point  on  the  dosage  curve .  and  to  the  damage  contour  con  he  seal#. 

Both  peak  overpressure  and  positive  lapulse  of  a  shook  wava  laplng- 
Ing  on  a  surface  may  be  reinforced  by  reflection  frost  the  surface;  the  extent 
to  which  reinforcement  occurs  will  depend  critically  on  the  angle  of  laplnge- 
sent.  The  extreme  cases  are  face-on  (the  surface  la  normal  to  the  direction 
of  notion  of  the  shock  wave)  and  slae-on  (the  surface  Is  parallel  to  the  direc¬ 
tion  of  notion).  But  face-on  and  slde-on  pressure  and  lapulse  scale  differently, 
and  so  In  scaling  results  to  altitude  sosw  consideration  must  be  given  to  the 
angle  of  laplngeaent.  The  irregular  shape  of  aont  targets  greatly  cbnplleates 
this  problem;  however,  tone  evidence  exists  to  support  the  use  of  face-on  seal¬ 
ing. 


36  - 


»*mmm  mmmm 


Because  of  the  sharp  definition  of  the  damage  contour  it  is  per* 
misslble  »r.  most  instances  to  assume  that  the  conditional  kill  probability  pd 
is  1  if  d.  v  -v..i an  occurs  Inside  the  contour,  and  is  0  if  the  detonation  is 
outside. 


A  simplification  of  considerable  practical  value  has  been  used  ex* 
tensively.  For  purposes  of  estimating  blast  damage,  the  target  is  assumed  to 
be  spherical  and  of  uniform  toughness.  The  damage  contour  for  the  spherical 
target  will  then  also  be  spherical.  The  difference  in  radii  of  the  two  spheres 
is,  of  courts,  the  greatest  distance  from  warhead  burst  at  vihlch  the  target 
will  suffer  lethal  damage.  A  convenient  estimate  of  the  radius  of  the  spher* 
leal  damage  contour,  which  yields  satisfactory  accuracy,  is  the  radius  of  a 
circle  having  the  same  area  as  that  enclosed  by  a  cross  section  of  the  damage 
contour  for  the  real  target,  taken  through  the  target  center.  Since  ;the,' lat¬ 
ter  area  will  depend  on  the  orientation  of  the  cross  section,  an  average  of 
these  areas  for  several  orientations  can  be  used.  To  simplify  scaling  tCK al¬ 
titude,  it  is  useful  to  specify  the  radius  of  the  spherical  target  os-well. 

A  satisfactory  estimate  of  this  radius  can  be  obtained  in  the  same  manner  as 
above,  but  here  using  the  projected  area  of  the  real  target  rather  than  the 
cross  sectional  area  of  the  real  damage  contour.  For  the  spherical  model  we 
assign  the  value  1  to  the  conditional  kill  probability  pD  if  detonation  occurs 
inside  the  sphere,  and  the  value  0  if  detonation  occurs  outside. 

Rod  tiarhuada 

Hod  warheads  of  two  types  will  be  considered.  One  of  these,  the  dis¬ 
crete  rod  warhead,  on  detonation,  emits  a  number  of  discrete  netal  rods,  much 
as  a  fragment  warhead  emits  fragments.  The  pattern  of  emitted  rods  is  similar 
to  the  fragment  beam,  although  the  rod  bean  is  usually  narrower  arid  the nuiriber 
of  rods  in  the  beam  is  less,  homage  to  aircraft  from  a  discrete  rod  Warhead 
13  primarily  a  consequence  of  rode  striking  vulnerable  components  of  the  air¬ 
craft  ,  as  In  the  case  of  a  fragment  warhead.  To  a  lesser  extent  daaagemaybe 
caused  by  rods  severing  structural  members  of  th?  aircraft,  Vulnerable  areas 
of  targets  to  rods  are  considerably  greater  than  to  fragments,  since  Individual 
rods  are  larger  and  heavier  than  fragments. 

The  conditional  1:111  probability  expression  for  fragment  warheads 
(equation  (8))  will  somrMmes  provide  sufficient  numerical  accuracy  when  ap¬ 
plied  to  discrete  rod  warheads  to  warrant  its  use. 

The  other  type  of  rod  warhead  Is  the  continuous  rod  warhead.  A 
single  long  continuous  metal  rod  is  folded  onto  the  warhead  over  a  high  ex¬ 
plosive  charge.  On  detonation  the  rod  expands  in  &  circle  approximately  normal 
to  and  centered  at  the  missile  axis,  as  shown  in  Figure  14. 
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Figure  14 

The  circle  of  metal  expands  as  a  virtually  continuous  rod  until  the  circum¬ 
ference  of  the  circle  is  approximately  equal  to  the  length  of  the  unfolded 
rod;  the  rod  then  breaks  randomly  Into  discrete  lengths.  The  speed,  thick¬ 
ness,  and  mass  of  the  rod  are  such  that  If  the  rod  strikes  the  target  air¬ 
craft,  It  will  usually  sever  the  aircraft  structure.  Such  structural  damage 
will  usually  cause  flight  failure,  unless  the  hit  Is  on  one  of  certain  ex¬ 
tremities,  such  as  a  wing-tip.  Thus  if  the  miss  distance  ls  wlthln  the  maxi¬ 
mum  radius  of  continuity  of  the  rod,  a  catastrophic  kill  (K-klll)  will  usually 
be  produced  unless  the  rod  falls  to  strike  the  target  because  of  fusing. errors , 
The  conditional  kill  probability  falls  off  rather  rapidly  with  miss  distance 
beyond  the  naxlwni  radius  of  continuity,  primarily  because  of  rod  break-ip. 
With  proper  fusing,  the  conditional  kill  probability  pD  typically  varies} with 
miss  distance  as  shown  In  Figure  15. 
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A  convenient  and  (as  Is  evident  from  Figure  15)  reasonable  assumption  is 
to  assign  to  the  value  1  for  miss  distances  inside  the  maximum  radius  or  - 
continuity  rc,  and  the  value  0  for  miss  distances  outside. 

If  fuzing  errors  cause  the  rod  to  fail  to  strike  vulnerable  struc¬ 
ture  of  the  target,  a  kill  may  still  be  produced  by  blast  from  the  warhead 
detonation.  Thus  within  blast  lethal  radius  of  the  target  the  conditional 
kill  probability  will  also  have  the  value  1. 

Nuclear  Warhead  ■ 

The  detonation  of  a  nuclear  warhead  in  the  atmosphere  produces  a 
devastating  shock  wave,  intense  heat,  and  a  high  level  of  radiation.  From 
the  point  of  view  of  d<euoge  to  aircraft,  the  shock  wave  is  of  primary  con¬ 
cern,  since  in  most  ct.ses  it  will  inflict  lethal  damage  to  the  aircraft  It¬ 
self  at  considerably  greater  distance  than  the  others. 

One  form  of  damage  Inflicted  by  the  shock  wave  is  deformation  of  the 
target,  caused  by  the  overpressure  Incident  on  the  target,  and  characterised 
by  peak  overpressure  and  positive  impulse  as  in  the  case  of  high  explosive  ex¬ 
ternal  blast  warheads  discussed  earlier. 

A  second  fora  of  damage  inflicted  by  the  shock  wave  la  structural 
failure  of  aerodynamic  surfaces  of  the  target  (wings  or  other  surfaces  which 
provide  aerodynamic  lift)  caused  by  gust  loading.  A  characteristic  of  a  shock 
wave  Is  a  rapid  forward  motion  of  the  atmosphere  immediately  behind  tbs  shock 
front.  This  gust  of  wind  exerts  an  added  force  on  the  aerodynamic  surfaces 
well  in  excess  of  the  loading  experienced  in  normal  flight.  Zf  the  combined 
loading  exceeds  the  ultimate  strength  of  the  aircraft  structure,  the  structure 
will  fail.  Targets  having  r.o  aerodynamic  surfaces  will,  of  course,  not  bo 
vulnerable  to  effects  of  gust  loading. 

The  gust  produced  by  detonation  of  a  high  explosive  external  blast 
warhead  Is  of  too  short  duration  to  have  lethal  effects;  to  be  lethal,  the 
gust  rust  be  of  significant  duration,  retiring  a  much  higher  level  of  .energy 
release. 

The  distance  from  burst  point  of  the  nuclear  warhead  at  which  gust 
loading  will  be  lethal  depends  on  the  orientation  of  the  target  relative  to 
the  burst.  The  dlrtance  will  be  greatest  If  the  aerodynamic  surfaces  arc  ap¬ 
proximately  normal  to  the  direction  of  motion  of  the  shock  wave.  A  typical 
lethal  envelope  for  gust  loading  is  shown  in  Figure  16. 
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LETHAL  ENVELOPE 
Figure  16 

The  else  of  the  lethal  envelope  will  be  determined  not  only  by  the  level. of 
energy  released  by  the  burst,  but  also  by  the  speed: and  shape  of  the  target 
aircraft.  Both  high  speed  and  large  wing  area  tend  to  Increase  the  lethal 
envelope. 

Adoption  of  a  spherical  damage  contour,  with  conditional  kill  prob¬ 
ability  set  equal  to  1  Inside  the  sphere  and  0  outside,  has  proved  to  be  less 
satisfactory  for  nuclear  warheads  than  for  high  explosive  external  blast  war* 
heads.  However,  uider  some  circumstances,  especlslly  wben  target  deformetlcn 
caused  directly  by  blast  is  the  principle  form  of  damege,  the  aaeuaptlen  may 
be  sufficiently  accurate  to  warrant  Its  use. 

An  alternative  assumption  in  many  Instances  gives  reasonably  close 
agreement  with  the  results  of  detailed  calculations.  The  conditional  kill 
probability  p«  la  assumed  to  decrease  exponentially  as  the  square  of  the  dis¬ 
tance  from  the  point  of  detonation,  much  as  in  the  Carlton  approximation  for 
fragment  warheads  (aquation  (9)).  The  distinction  is  that  In  the  present 
instance  the  distance  is  measured  between  target  and  point  of  detonation 
ratner  than  point  of  closest  approach  of  the  trajectory  (miss  distance}. 

0.  Calculation  of  the  Kill  Probability  of  an  Operable  Missile 

We  consider  the  evaluation  of  the  integral  of  equation  (V)  for  var¬ 
ious  combinations  of  guidance,  fusing,  and  warhead.  Unless  suitable  simpli¬ 
fications  are  made  the  precise  forms  of  one  or  more  of  the  functions  pD,  f, 
and  g  are  usually  such  as  to  preclude  expression  of  the  integral  in  closed 
form;  the  Integral  must  then  be  evaluated  by  some  method  of  numerical  inte¬ 
gration.  Such  methods  are  usually  lengthy  and  tedious,  though  whey  can  often 
be  carried  out  expeditiously  with  the  aid  of  a  high  speed  computer. 
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Where  simplifying  assumptions  are  not  appropriate,  the  value  of 
the  Integral  can  be  estimated  by  the  so»calle<l  Lotto. method,  a  sampling 
process.  In  this  process  a  sample  of  detonation  points  is  drawn  randomly 
from  the  assumed  distributions  f  and  g.  For  example,  if  g  is  assumed  to  be 
radial  normal,  a  value  of  r  can  be  selected  by  drawing  a  random  number  be¬ 
tween  0  and  1  and  determining  the  value  of  r  that  will  make 


r 
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gdr  *  random  nuaber. 


Similarly,  under  the  same  assumption  for  g,  all  values  of  •  are 
equally  likely,  so  a  value  of  b  can  be  selecU-d  by  drawing  a  second  random 
number  and  determining  V  to  make 
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db  -  I'uidom  number. 


In  like  manner,  a  value  of  t  can  be  selected  by  drawing; a  third; 
random  number  and,  using  in  f  the  values  of  r  and  i  Just  selected,  determin¬ 
ing  z  to  make 


x 


fds  *  random  number. 


Since  (see  equation  (6))  the  integral  of  f  may  be  less  than  1,  we 
may  not  obtain  a  value  of  a  for  every  random  number  drawn,  if  no  a  is  ob¬ 
tained,  Implying  that  no  detonation  occurs,  it  is  convenient  to  count  this 
trial  at  a  detonation  in  our  sample  anyway,  but  as  one  for  which  p0  -  0.  ■ 

By  repeating  the  above  steps  many  times,  we  obtain  toe  coordinates 
'  (r,®,*)  of  the  detonation  points  in  our  sample.  The  size  of  the  sample  will 
dictate  the  accuracy  of  the  estimated  value  of  the  integral,  the  larger  the 
temple  the  greater  the  accuracy. 

?or  each  point  selected,  we  calculate  the  conditional  kill  prob¬ 
ability  pD(r,b,s),  and  draw  another  random  number  between  0  and  1  to  deter¬ 
mine  if  a  kill  occurs.  If  pD  is  less  than  or  equal  to  the  random  number,  a 
kill  is  scored,  and  If  pD  is  greater  than  the  random  number,  no  kill  is 
scored.  Clearly,  if  pD  ■  0,  no  kill  will  occur.  We  then  count  the  number 
of  kills  scored.  The  ratio  of  number  of  kills  to  number  of  detonation  points 
selected  provides  an  estimate  of  p^. 
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Once  the  sample  of  detonation  points  has  been  selected,  an  alter¬ 
native  approximation  to  pK  Is  given  by 

53pD(pi.®i.*1)f(*,i.»i.*i)g(*ki.*i) 

PK  *  pC^ikMi) 

where  the  summations  are  over  all  detonation  points  selected.  This  approxi¬ 
mation  arises  from  the  definition  of. expected  value;  p»  Is  the  expected;  value 
of  pD,  and  the  -ampling  process'  provides,  an  approximation  to  this  expected 
value. 


I.  Analytic  Evaluations  of  the  Integral 

It  Is  possible  to  obtain  relatively  simple  expressions  for  pg  from 
the  Integral  of  equatlon  {Y)  by  lhtroducln(  sultable  slig)llfylng  aRsuivti^ 
for  the  functions  Pq.-I,  aral  g.  Simplifying  assumptions  can  often  be  made 
that  will  provide  sufficient  accuracy  in  the  resulting  expressions  for  Kr  to 
meet  the  needs  of  some,  though  by  no; means  all.  Investigations  of  guidance 
accuracy,  fuzing  accuracy,  fuse  cut-off,  and  warhead  lethality.  However, 
great  care  should  be  exercised  In  employing  these  simplifications ,  to  Insure 
that  they  are  applicable.  Different  sets  of  assuoptlous  are  appropriate  to 
different  warheads ;  for-  this  'beasor.  expressions  for  Pg  will  be  derived  sepa¬ 
rately  for  each  wartici^  type  iri=  turn.-  ' 

A  few-  assumptions  will  be  cosjion  to  the  treatment  of  all  waitosad 
types.  A  circular  or  radial  normal  distribution  of  trajectories,  iiavlng: stan¬ 
dard  deviation  o  In  any  one  dimension,  will  be  assumed.  One  of  three-alterf 
native  assumptions  will  be.  maids  concerning  fuse  ciit-off:  1)  no  fuse  cut-off, 
2)  a  sharp  fuse  cut-off  range  rj,  or  3)  an  exponential  fuse  cut-off,  varying 
with  miss  distance  according  to 


2 

e  2a 

whore  a  is  a  constant,  characteristic  of  the  fuze  and  target. 

Fragment  Warhead  -  Ideal  Fuse  Model 

The  Integral  of  equation  {7}  can  be  greatly  simplified-  lf  we  assuae 
that  all  vulnerable  components  are  clustered  close  together,  that  the  vulner¬ 
able  areas  of  components  are  independent  of  miss  distance  r  and:  angle  •/-and 
that  fuze  operation  is  ideal  In  the  sense  that  the  detonation  occurs  so  as  to 
place  the  most  dense  part  of  the  fragment  beam: at  the  center  of  the  vulnerable 
components,  l.e.,  jf  and  so  r/z  are  constant,  and  hence 


P 
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where 


k2  =  D(jf)  sin20  £  A 


is  independent  of  r  and  0.  With  no  fuze  cut-off  we  have 


e  2o  rdr 


Since  the: radius  it  of  the  tube  of  operability  should  be  chosen  large  enough 
to  preclude  kills  from  detonations  outside  the  tube,  no  significant  error  is 
introduced  by  taking  the  above  integral  from  .0  to  oo  .  The  above  integral 
can  be  written 


OO  d  <X 

>k-7  /•  rdr'7  J 


-k2  -r2 
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The  first  of  these  integrals  has  the  value  one,  since  it  Is  simply  the  inte¬ 
gral  over  the  entire  range  of  the  radial  normal  distribution.  The  second  in¬ 
tegral  can  bs  expressed  in  terms  of  K.(x) ,  the  modified  Bessel  function  of 


the  second  kind  and  first  order.  We  then  have 


-  #K, 


Values  of  the  function  K^(x}  can  be  obtained  from  tables  available  in  the 
literature  (National  Bureau  of  Standards'  and  Rovemsent  Printing  Office. 
Applied  Mathematics  Series  25  "Tables  of  the  Bessel  functions  Y  (x).  Yjjx), 
K0(x) .  Kx(x) .OsxSl",  Sept.  1952) .  ° 


If  we  assume  an  exponential  fuse  cut-off  but  otherwise  retain  the 
above  assumptions,  we  can  write 


oo 

>/(- 


-k2 
c  7 


„2  „2 

-r  -r 

T  — 5 

e  2a  e  2c  rdr 
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which  reduces  to 


PK  »  -^2  *  V2  lew K:  ( -Vf  kw)j 


where 


2  11 
w  =  -£  +  -£ 

c  a 


Calculations  Using  Carlton  Approximation 


The  Carlton  approximation  to  the* conditional  kill  probability  pD 
(equation  (9)) permits  simple  evaluation  of  the  integral  of  equation  (7) 
l'or  several  variations  in  guiaance  and.  fusing. 

If  fuzing  dispersion  is  small,  co  that  the  fragment  beam  covers 
the  target,  we  have,  with  no  fuze  cut-off 


oo  2 

/-  -r 


e  2c*  e  &  rdr 


which  reduces  to 


C  +0 

The  effect  of  a  sharp  fuse  cut-off  range. rf  can  readily  be  intro¬ 
duced  by  taking  as  the  upper  limit  of  integration.  We  then  have 


Thus  the  effect  of  the  sharp  cut-off  la  to  introduce  the  bracketed  expression 
as  a  correction  factor. 
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Assuming  an  exponential  fuze  cut-off,  we  have 


0 


Comparing  this  expression  with  the  corresponding  expression  for  no  fuze  cut-off, 
it  is  evident  that  the  effect  of  an  exponential  cut-off  in  to  replace 


It  is  convenient  to  write  the  exponential  cut-off  result  ir.  the  form 


pk 


c  +0 


1  ■ 


a“(cc  +  o  ) 


v  •/- 

The  effect  of  exponential  fuze  cut-off  is  to  again  introduce  a  correction  fac¬ 
tor.  the  quantity  in  brackets. 


The  Carlton  approximation  is  useful  in  examining  the  effects  of  biased 
guidance.  It  is  convenient  in  this  instance  to  express  the  distribution  In 
Cartesian  coordinates,  with  origin  at  the  target,  as  in  Figure  17 . 


Figure  1? 
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We  let  (x,y)  denote  the  center  of  the  distribution,  and  h  the  distance  from 
the  target  to  the  center,  so 

.2-2-2 
h  =  x  +  y 

The  miss  distance  r  of  course  satisfies  the  relation 

2  2  2 
r  =  x  +  y 

The  assumption  of  a  radial  normal  distribution  of  trajectories  of  course 
implies  that  the  distributions  with  respect  to  both  x  and  y  are  Gaussian 
having  a  common  standard  deviation  a.  We  may  then  write 

.  (x-x)2+(y-y)2 

g(x,y)  =  e  2o2 

2  na 

Employing  the  Carlton  approximation  for  p^  and  assuming  no-fuze  cut-off, 
we  have 


r  r 

=  J 

J  J 


—  2  2  2  2 
oo  oo  (x-x)  +(y-y)  _  x  +  y 


2a 


2c 


dxdy 
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The  exponentials  of  the  Integrand  can  be  combined  to  give 
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The  double  integral  has  the  value 
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C  +0 

Thus  the  effect  of  biased  guidance  is  also  to  introduce  a  correction  factor, 
the  bracketed  quantity. 

Tne  effect  of  biased  guidance  together  with  an  exponential  fuze 
cut-off  can  readily  be  obtained  if,  in  the  preceding  derivation,  we  replace 


The  assumption  of  ideal  fuze  operation  set  forth  above  is  sometimes 
not  appropriate,  and  so  it  is  necessary  to  consider  the  effects  of  dispersion 
in  fuzing.  For  the  sake  of  simplicity  we  suppose  that  all  fragments  are  con¬ 
fined  to  a  beam  bounded  by  the  angles  0±  and  02,  measured  from  the  forward 
missile  axis,  and  that  fragment  density  is  constant  within  this  beam.  If  we 
again  confine  our  attention  to  targets  having  closely  clustered  vulnerable 
components,  clearly  a  kill  can  occu”  only  if  the  warhead  detonates  between 
z ^  =  -r  cot  and  Zg  =  -r  cot  0  (see  Figure  18). 


'7WW»ET 
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We  assume  that  the  distribution  of  detonation  points  along  the  trajectory 
is  Gaussian  with  mean  z  midway  between  and  z2,  and  standard  deviation  a  . 
Using  the  Carlton  approximation  for  pQ  and  no  fuze  cut-off,  we  have  s 


(ID 


e 


dzdr 


0 


z 


1 


Since  z  is  midway  between  z^  and  z?,  we  have,  on  change  of  variable  of  inte¬ 
gration 


/ 


— \2 


(z-z) 
2a 


a  v  z' 


2c  _ 


e  z  dz  =  2  e  z  dz 


/ 


where 


a  = 


cot  0^  -  cot  0g 


Substituting  in  equation  (11)  and  integrating  by  parts,  we  have 


We  see  that  the  effect  of  fuzing  dispersion  is  again  to  Introduce  a  correction 
factor,  the  expression  in  brackets. 

For  an  exponential  fuze  cut-off  we  have 


f 


and  so  we  can  readily  obtain  an  expression  for  p„  if  we  replace 

r 


in  equation  (12). 
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For  a  sharp  fuze  cut-oif  range  r*.  the  integration  by  parts  that 
led  to  equation  (12)  not;  gives 


tables  of  values  of  which  may  be  found  in  the  literature. 

Internal  Blast  Warhead 

In  some  situations  and  for  some  purposes  the  methods  for  computing 
Pjr  which  were  derived  for  fragment  warheads  may  be  used  to  obtain  estimates 
of  pK  for  internal  blast  warheads.  In  particular,  the  beam  of  nubproject- 
lles  must  cover  the  entire  target,  and  the  density  of  subprojectiles  must 
be  fairly  uniform  within  the  beam.  The  methods  derived  for  fragment  war¬ 
heads  are  most  useful  when  the  analyst  is  concerned  with  the  gross  effects 
of  guidance  accuracy  and  fuze  performance. 

External  Blast  Warhead 

Adoption  of  a  spherical  damage  contour  of  radius  rw  lor  an  external 
blast  warhead  leads  to  extremely  simple  evaluation  of  the  Integral  of  equa¬ 
tion  (7). 

Since  distance  from  target  is  the  critical  parameter  in  determining 
kill,  Ideally  the  warhead  should  detonate  at  ihe  point  of  closest  approach 
of  the  missile  to  the  target.  Assuming  ideal  fuzing  in  the  above  sense,  and 
no  fuze  cut-off,  we  have 


0 
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A  sharp  fuse  cut-off  range  rf  will  have  no  effect  if  R  ^  r ^ . 

If  rt.  is  the  smaller,  its  effect  is  to  replace  R  by  r*.  in  the  above  ex¬ 
pression. 


Assuming  an  exponential  fuze  cut-off 


0 


which  reduces  to 


If  a  fixed  angle  fuze  is  used,  the  warhead  detonation  may  occur 
somewhat  before  or  somewhat  after  the  missile  reaches  the  point  of  closest 
approach.  Neglecting  fuzing  dispersion  and  assuming  either  no  time  delay 
or  a  delay  proportional  to  miss  distance,  expressions  for  pg  can  readily 
be  obtained  from  those  for  Ideal  fuzing  if  we  replace  rw  by  r  sin  0,  where 
0  is  the  fuzing  angle,  including  delay. 


Some  Indication  of  the  conscience  of  fusing  dispersion  can  be  ob¬ 
tained  if  we  assume  a  Gaussian  distri  .cion  of  burst  points  along  the  tra¬ 
jectory,  with  mean  at  the  point  of  closest  approach  (z-0)  and  standard  de¬ 
viation  o  .  Uith  no  fuze  cut-off,  we  have 
z 


Changing  the  order  of  integration,  this  expression  becomes 


0 


utOMfOtr 


aim— 


The  first  term  on  the  right  hand  side  of  this  equation  is  the  probability 
Integral  I(rw/o.) .  Evaluation  of  the  second  term  depends  upon  the  relative 
values  of  <-  ana  a.  If  c  -  a,  the  Integrand  In  the  second  term  is  1,  and 
we  have 


Tables  of  values  of  the  integral  In  brackets  are  not  as  readily  available 
as  In  the  case  of  the  probability  Integral.  However,  numerical  Integration 
Is  not  unduly  tedious. 

Rod  Warhead 


Accurate  evaluation  of  the  probability  Integral  of  equation  (7) 
for  discrete  rod  warheads  in  most  cases  requires  detailed  computer  calcu¬ 
lations  ,  or  use  of  the  Lotto  technique.  In  the  treatment  of  fragment  war¬ 
heads  a  variety  of  simplifying  assumptions  were  Introduced  which  led  to 
closed  form  evaluations  of  the  Integral.  These  assumptions  are  less  pal¬ 
atable  In  the  consideration  of  discrete  rod  warheads,  because  of  the  nar¬ 
rower  rod  beam  and  smaller  number  of  rods.  However  for  some  purposes  they 
may  be  Justified,  and  the  corresponding  expressions  for  pg  may  be  used. 

The  almost  certain  lethality  of  the  continuous  rod  warhead  out  to 
the  maximum  radius  of  rod  continuity  permits  simple  evaluation  cf  the  prob¬ 
ability  integral  of  equation  (7).  If  we  assume  Ideal  fusing  In  the  sense 
that  fusing  errors  do  not  prevent  the  rod  from  striking  the  vulnerable  por¬ 
tion  of  the  target,  we  have,  with  no  fuze  cut-off 
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where  r£  is  the  maximum  radius  of  continuity. 

A  shu?p  fuze  cut-off  range  has  no  effect  if  rc«  r^.  If,  on 
the  other  hand,  r-  is  smaller,  its  effect  is  to  replace  r  by  rf  in  the 
above  expression.1 

If  the  fuze  cut-off  is  exponential,  we  have 


The  above  definition  of  ideal  fuzing  implies  that  the  warhead 
detonation  will  occur  within  an  interval  along  the  trajectory  of  length  L 
equal  to  the  length  of  the  vulnerable  portion  of  the  target,  measured  In 
a  direction  parallel  to  the  trajectory.  The  continuous  rod  does  not  ex¬ 
pand  precisely  in  the  plan  normal  to  the  trajectory  and  through  the  point 
of  detonation.  Rather,  the  rod  sweeps  out  a  cone  which  makes  an  angle  0 
with  the  forward  missile  axis.  Consequently  the  effective  burst  interval 
is  displaced  along  the  trajectory  as  indicated  in  Figure  19. 
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Figure  19 

If  we  assume  that  the  distribution  of  detonation  points  along  the  trajec¬ 
tory  is  normal  with  mean  at  the  midpoint  of  the  effective  burst  Interval 

and  standard  deviation  a  ,  then,  with  ho  fuze  cut-off,  we  have 

z 


where  I(x)  Is  the  probability  Integral 


The  last  expression  for  pK  above  neglects  the  contribution  made  by  blast 
damage  when  the  burst  occurs  outside  the  interval  of  length  L  but  within 
the  blast  lethal  radius. 
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Nuclear  Warhead 


It  a  spherical  damage  contour  for  a  nuclear  warhead  can  appro* 
prlately  be  assumed,  the  expressions  for  p*  for  an  external  blast  warhead 
"can  be  used.  The  alternative  assumption  that  the  conditional  kill  prob¬ 
ability  behaves  in  a  manner  similar  to  the  Carlton  approximation  leads  to 
two  simple  expressions  for  pK.  If  the  detonation  occurs  at  or  ne^r  the 
point  of  closest  approach  to ‘the  target,  we  may  write 


where  as  usual  r  denotes  miss  distance,  and  c  is  a  constant  characteristic 
of  the  lethal  envelope.  Assuming  no  fuze  cut-off,  we  have 


Because  the  lethal  envelope  for  a  nuclear  warhead  is  so  large, 
a  fuze  cut-off  is  rarely  employed.  Indeed,  crude  command  fusing  la  often 
adequate.  If  we  assume  a  normal  distribution  of  burst  points  along  the 
trajectory  with  mean  at  the  point  of  closest  approach  to  the  target  and 
standard  deviation  equal  to  that  of  the  guidance  accuracy,  we  can  then 
employ  a  spherical  normal  distribution  to  represent  the  distribution  of 
burst  points  in  space  about  the  target.  We  then  have 


0 


where  p  here  denotes  distance  from  target  center  to  burst  point.  This 
expression  readily  reduces  no 

c-5 
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j.  salvo  Kill  Probability 


If  the  kill  probability  of  a  single  missile  against  a  target  13 
not  sufficiently  high,  it  may.  In  some  circumstances,  be  desirable  to  fire 
several  missiles  at  the  target  simultaneously.  To  meet  this  need,  many 
SAM  systems  are  designed  tv  be  capable  of  salvo  fire;  a  single  guidance 
channel  can  guide  two  or  more  missiles  to  the  same  target  at  ..he  same  time. 
The  tactical  analyst  is  then  faced  with  the  question  of  what  the  probabil¬ 
ity  of  killing  a  target  with  a  salvo  may  be. 

If  the  vulnerability  of  the  target  to  the  type  of  warhead  in  ques¬ 
tion  is  'iU'ih  that  cumulative  damage  inflicted  by  successive  warheads  cm  be 
Ignored,  the  salvo  kill  probability  car.  readily  be  derived.  If  a  salvo  of 
y  missiles  Is  fired  at  a  target,  some  number  j  of  these  will  prove  to  be 
operable,  and  the  probability  p„{J)  that  exactly  J  will  be  operable  is 
given  by 

■  (5V*1  v1" 

where  pp  is  the  single  missile  reliability.  The  probability  PgU)  that  if 
J  missiles  are  operable  the  target  will  suffer  lethal  damage  la  Ju3t  the 
probability  that  not  all  j  missiles  will  fall  to  kill,  i.e., 

PK(J)  «  1  -  (l*Pg)^ 

where  py  is  the  probability  that  a  single  operable  missile  will  kill.  The 
salvo  kill  probability  pil))  is  glvan  by 

V 

p iV)  m  £  pr(J)pk(J) 

J-l 

"  £  ( J/)PRJ(1*PR)2/  J  [l  *  U-I>K)J] 

J»1 


-  I  -  (I-PrPr)^ 
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where  p  is  the  single  missile  kill  probability. 
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Pew  Investigations  of  the  mechanics  of  jumulasive  damage  to 
singly  vulnerable  targets  have  beer,  carried  out.  She  limited  investi¬ 
gations  that  have  teen  made  suggest  that  cumulative  damage  to  singly 
vulnerable  targets  is  of  only  minor  importance. 

K.  Kill  Probability  Against  Formations 

The  discussion  up  to  this  point  has  been  concerned  with  the  kill 
probabilities  of  missiles  against  single  Isolated  target  aircraft.  How¬ 
ever,  aircraft  may  attack  in  any  of  a  wide  variety  of  formations.  If  the 
formation  is  fairly  loose,  the  spacing  between  aircraft  being  large,  each 
target  can  be  engaged  individually  as  an  isolated  target  and  the  existence 
of  the  formation  will  have  r.o  effect  on  kill  probability.  If,  on  the  other 
hand,  the  aircraft  fly  sufficiently  close  together,  the  guidance  equipment 
of  the  SAM  system  may  become  confused,  causing  a  substantial  increase  in 
nis3  distance  and  so  a  degradation  in  kill  probability.  Of  course,  a  very 
tight  formation  may  permit  a  missile  to  inflict  lethal  damage  or.  several 
aircraft  simultaneously,  to  the  detriment  of  the  attacker. 

The  source  of  confusion  in  the  guidance  equipment  of  a  SAM  system 
is  the  inability  of  a  radar  or  micelle  seeker  to  single  out  an  individual 
target  in  the  formation  in  sufficient  time  arid  then  remain  locked1,  on. '-that, 
target  during  the  remaining  flight  of  the.  missile.  A  radar  or  seeker,  un¬ 
able  to  discriminate  between  targets,  tends  to  wander  randomly  over- thie 
formation,  skipping  emttlealxy  from  target  to  target,  and  even  moving  out¬ 
side  the  formation. 

Different  guidance  systems  are  Influenced  quite  differently  by  the 
wander  of  the  radar  or  seeker  over  the  formation.  A  beamrider  vill  follow 
the  radar  beam  approximately  if  the  beam  dbe3  r.ot  move  with  toe.  great  ah. 
angular  rate.  Thus  the  distribution  of  beemrider  trajectories  through  a 
formation  can  be  expected  to  approximate  the  distribution  of  radar  beam 
positions.  In  a  command  system  the  steering  orders  transmitted  to  th^mis- 
siie  will  be  affected  not  only  by  the  instantaneous  position  of  the  radar 
beam,  out  also  by  the  rate  of  change  of  position,  in  that  the  latter  Will 
In  part  determine  the  predicted  course  and  speed  of  the  target.  In. conse¬ 
quence  a  dispersion  in  missile  trajectories  larger  than  in  radar  beam  posi¬ 
tion  can  be  expected.  A  homing  missile  will  usually  be  able  to  discriminate 
between  targets  when  it  reaches  a  point  close  enough  to  the  formation.  How¬ 
ever,  if  discrimination  occurs  too  late,  the  speed  and  maneuverability  of 
the  missile  may  be  such  as  to  prevent  it  from  correcting  the  error  in  tra¬ 
jectory  obtaining  at  the  time  of  discrimination. 

One  further  formation  effect  warrants  consideration,  that  of  fuse 
screening,  pertinent  to  proximity  faxes.  A  missile  may  be  flying  toward  one 
aircraft  in  a  formation  along  a  trajectory  having  a  satisfactorily  snail 
miss  distance.  However,  before  reaching  this  target,  the  proximity  fuse 
may  detect  another  target  ir.  the  formation,  causing  early  detonation  of  the 
warhead  at  a  relatively  ineffective  position  for  both  targets. 
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Radars  and  missile  seekers  usually  employ  one  or  more  of  four 
means  for  discriminating  between  targets: 

Angular  discrimination,  determined  by  the  beam  width  of  the  radar. 
Range  discrimination,  by  means  of  a  range  gate. 

Range  rate  discrimination,  using  a  velocity  gate. 

Angular  rate  discrimination. 

The  various  methods  for  discrimination  are  illustrated  schematically  in 
Figure  P.0. 
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The  success  any  combination  of  these  will  have  In  discriminating  between 
targets  In  cine  to  avoid  a  degradation  in  missile  guidance  will  depend 
upon  the  geometry  of  the  formation  relative  to  the  radar  or  the  missile 
seeker.  Angular  discrimination  may  be  effective  against  a  line  abreast 
formation  flying  toward  the  radar,  but  not  against  a  single  file  forma¬ 
tion.  The  converse  applies  to  range  discrimination.  Range  rate  and 
angular  rate  discrimination  will  be  most  effective  when  the  formation  is 
flying  on  u  crossing  course. 

A  convenient  measure  of  the  effect  of  a  formation  on  the  killing 
capability  of  a  missile  is  the  ratio  of  the  expected  number  of  kills  in¬ 
flicted  by  the  missile  on  the  formation  to  the  expected  number  of  kills 
inflicted  on  an  isolated  target,  i.e.,  the  probability  of  killing  an  iso¬ 
lated  target.  We  call  this  ratio  the  formation  index. 

The  expected  number  of  kill3  in  a  formation  can  most  easily,  be 
calculated  by  attempting  to  separate  guidance  errors  arising  from  radar 
wander  over  the  formation  from  those  normally  associated  with  an  isolated 
target.  To  this  end  we  assume  these  two  types  of  error  to  be  independent. 
Consider  new  a  formation  and  a  particular  radar  beam  position  within  the 
formation,  as  depicted  in  Figure  21. 
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Figure  21 

If  we  assume  that  the  usual  errors  associated  with  an  isolated  target 
lead  to  a  distribution  of  trajectories  about  thi3  beam  position,  the  prob¬ 
ability  of  killing  the  i-th  target  can  be  computed  for  the  particular  bias 
hj,  {3eo  Figure  21)  using  one  of  the  techniques  discussed  earlier  for  iso¬ 
lated  targets.  If  wa  then  assume  a  suitable  distribution  of  radar  beam 
positions  over  the  formation,  we  can  average  the  above  kill  probability 
with  respect  to  this  distribution  of  bias  hj  to  obtain  the  kill  probability 
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for  the  i-th  target  pKi.  Summing  pK>  over  all  targets,  we  obtain  the  ex¬ 
pected  number  of  kills  for  the  missile  against  the  formation.  We  have 


where 


K  » 


(hi)  B(h±)  dh± 


K  =  expected  number  of  kills 

PKi(hi)  =  probability  of  killing  the  i-th  target  if  bias  is  ht 
3(h^)  =  distribution  of  bias  h^  . 


The  above  formulation  of  expected  number  of  kills  against  a  forma¬ 
tion  is  inadequate  for  a  homing  missile  without  some  modification.  The 
difficulty  lies  in  the  fact  that  a  homing  missile  can  usually  discriminate 
between  targets  when  it  reaches  a  point  close  enough  to  the  formation  but 
may  or  may  not  be  able  to  home  on  a  single  target  satisfactorily.  We  must 
distinguish  between  the  two  cases  of  satisfactory  and  unsatisfactory  hoeing. 


With  satisfactory  homing  multiple  kills  may  occur  if  the  formation 
spacing  is  small  enough,  even  though  the  missile  passes  close  to  one  target. 
However,  the  chance  of  multiple  kills  wil1  fall  off  more  rapidly  with  in¬ 
creased  spacing  in  this  case.  The  probability  of  killing  the  i-th  target, 
if  the  missile  is  homing  on  another  target,  can  be  computed  as  above,  the 
guidance  bias  being  simply  the  lateral  distance  between  the  targets.  This 
probability  must  then  be  averaged  over  all  targets  on  wnich  the  missile  could 
home  satisfactorily  to  give  p^.  The  sum  of  all  the  p.  is  the  expected  number 
of  kills  KK  if  the  missile  homes  satisfactorily  on  3ome  target. 

If  the  missile  fails  to  home  satisfactorily,  it  can  be  thought  of 
as  entering  the  formation  randomly,  and  the  expected  number  of  kills  Ky  can 
be  computed  as  before. 


There  is  a  probability  p.,  that  a  missile  will  home  satisfactorily. 
If  the  initially  random  entry  into  the  formation  is  such  as  tc  permit  dis¬ 
crimination  in  time,  homing  will  be  satisfactory.  Whether  or  not  a  parti¬ 
cular  entry  position  will  permit  discrimination  la  dependent  on  the  geometry 
of  the  formation  and  the  method  of  discrimination  employed  by  the  seeker. 

The  expected  number  of  kills  K  is  given  by 

K  =  PjjKjj  +  Cl-P^Ky 


It  is  of  interest  to  consider  qualitatively  the  variation  of  forma¬ 
tion  index  as  a  function  of  spacing  between  adjacent  aircraft.  If  the  spac¬ 
ing  is  very  small,  a  single  missile  may  be  expected  to  kill  several  targets; 
the  formation  index  will  in  this  Instance  be  high,  considerably  in  excess  of 
1.  As  the  spacing  increases,  fewer  targets  will  be  within  lethal  distance 
of  the  warhead  burst,  wherever  the  burst  may  occur;  consequently  fewer  kills 
will  be  inflicted  and  the  index  will  decrease.  At  some  sufficiently  great 
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spacing,  all  targets  will  appear  resolved  and  can  be  intercepted  individ¬ 
ually  as  isolated  targets,  and  no  multiple  kills  can  occur.  At  this  and 
all  greater  spacings,  the  index  will  have  the  value  1.  At  spacings  less 
than  this  critical  spacing  the  value  of  the  index  will  depend  upon  the 
lethality  of  the  warhead.  If  the  lethal  diameter  of  the  warhead  is  as 
great  or  greater  than  the  critical  spacing,  multiple  kills  can  be  expect¬ 
ed  at  all  spacings  less  than  critical,  and  so  the  index  will  nev,  r  be  less 
than  1.  On  the  other  hand,  if  the  lethal  diameter  is  significantly  less 
than  the  critical  spacing,  the  random  wander  of  the  radar  or  seeker  over 
the  formation  will  so  degrade  the  guidance  accuracy  that  at  spacings  less 
than  critic ll  the  index  may  fall  well  below  the  value  1.  figure  22  de¬ 
picts  typic  iJ  plots  of  formation  index  versus  spacing  for  both  large  and 
small  lethal  diameters. 


Figure  22 


Calculation  of  Formation  Index 


Calculation  of  the  formation  index  usually  requires  fairly  de¬ 
tailed  graphical  or  computer  techniques.  Intricacies  in  the  means  for 
discrimination  coupled  with  variations  in  formation  geometry,  as  well  as 
the  many  difficulties  in  calculating  kill  probability  for  an  Isolated  tar¬ 
get,  all  preclude  the  use  of  simple  analytic  expressions  in  most  cases. 
However,  by  way  of  illustration  two  simple  ca.^es  arc  treated  here,  one 
analytically  and  the  other  graphically. 
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Consider  b  targets  flying  directly  toward  an  SAM  cite  in  line 
abreast  formation  with  spacing  S  between  adjacent  targets,  as  shown  in 
Figure  25. 


b  TAR6tT5 


TARGET 


REAM  POSITION 


DIRECTION 

OK 

FLIGHT 


Figure  2$ 

Suppose  that  the  conditional  kill  probability  Pp  can  be  expressed  in  the 
form  of  the  Carlton  approximation  (equation  (9) ; .  From  equation  (10)  ve 
then  have 


pKi(lV  “  2  2  e 


2  2(c2+a2) 


Assume  a  uniform  distribution  of  radar  beam  position  extending  from  one 
end  of  the  formation  to  the  other.  Vie  then  have 

(0-1):; 


=  Tb^TTs  pKi^i)dhi 


(b-l)S 


2  r 

1 

=  c2+c2  ^  J 


p  o 

2(c  +0-) 


rhe  expected  number  of  kills  is,  then  given  L-y 
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where  again  I(x)  is  the  probability  integral 


Since  the  quantity  on  the  right  xusidc  the  brackets  is  simply  the  kill 
probability  pK  for  an  isolated  target,  the  quantity  within  the  brackets 
is  the  formation  index. 

The  second  illustration  introduces  a  tool  convenient  for  many  pur¬ 
poses,  known  as  probability  cell  paper  for  a  two  dimensional  distribution. 

The  plane  is  divided  into  n  (e.g.,  n  =  1000)  cell3,  each  cell  containing 
area  corresponding  to  a  cumulative  probability  of  1/n.  In  the  case  of  a 
radial  normal  distribution  the  cells  are  usually  arranged  In  concentric 
rings,  as  shown  in  Figuiv  2;i.  Cells  near  the  center  of  'one  distribution 
are  small,  and  those  farther  out  are  larger.  One  point  in  each  cell  (e.g., 
the  centroid)  Is  clearly  marked;  its  purpose  will  be  explained  below. 

Consider  again  the  same  formation  attack  as  above,  but  suppose  now 
that  the  conditional  kill  probability  p^  follows  the  lethal  radius  defini¬ 
tion,  i.e.,  is  1  inside  a  spherical  damage  contour  of  radius  rw,  and  is  0 
outside.  Assuming  ideal  fuzing,  only  a  trajectory  passing  within  a  distance 
T\  of  a  target  can  kill  the  target.  To  calculate  the  expected  number  of  kills, 
plot  on  a  transparent  sheet  the  target  positions,  using  as  unit  length  the 
length  corresponding  to  a  or.  the  probability  cell  paper.  Around  each  target 
draw  a  circle  of  radius  rK.  delect  a  suitable  representative  set  of  radar 
beam  positions.  (The  larger  the  set,  the  more  accurate  the  resulting  com¬ 
putation.  )  Place  the  transparent  sheet  over  the  probability  cell  paper  such 
that  the  first  of  the  selected  beam  positions  coincides  with  the  center  of 
the  probability  cell  paper  (see  Figure  2'j) , 
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Figure  25 

For  each  target ,  count  the  number  of  cells  lying  within  the  lethal  radius 
circle  of  that  target;  a  cell  Is  counted  only  If  Its  centroid  falls  within 
the  circle.  The  number  of  such  cells  multiplied  by  l/n  Is  the  probability 
that,  if  the  radar  beam  position  Is  the  one  selected,  the  target  In  ques¬ 
tion  is  Killed.  By  repeating  the  above  process  for  each  selected  beam 
position,  and  averaging  over  all  the  positions,  the  probability  of  killing 
each  target  Is  determined. 
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CHAVTER  IV 
Firepower 


A.  Introduction 

The  number  of  targets  engaged  by  a  SAM  firing  unit  will  vary  ! 

from  battle  to  battle,  not  only  because  of  distinctive  characteristics 
of  the  attack  but  also  because  of  random  variations  in  many  of  the  var¬ 
iables  involved  for  any  given  set  of  attack  characteristics.  Thus  the 
number  of  engagements  itself  is  a  random  variable.  Firepower  is  defined 
as  the  mean  number  of  target  engagements  occurring  during  an  attack  hav¬ 
ing  given  characteristics. 

Firepower  depends  on  the  time  available  lor  fire  and  on  the  time 
consumed  for  each  intercept.  The  first  intercept  can  occur  as  soon  as  the  ; 

first  target  arrives  ir.  tne  firing  zone  and  the  last  as  the  last  target  f 

leaves  the  zone.  Thus  the  time  available  for  fire  is  at  least  as  long  as  ; 

the  time  for  one  target  to  traverse  the  zone,  which  is  determined  by  the  \ 

Intersection  of  the  flight  path  with  the  boundaries  of  the  firing  zone,  j 

Including  BRL,  and  by  the  target  3peed.  The  time  will  further  be  augment-  . 

ed  by  any  time-spread  in  the  attack.  For  example .  consider  a  stream  attack  I 

at  constant  speed  and  altitude  flying  directly  toward  the  defensive  site.  ;j 

The  time  available  is  then  the  traverse  time  of  the  lead  aircraft  plus  the  ? 

time  interval  between  arrivals  of  the  first  and  last  aircraft  at  BRL. 

The  time  consumed  for  each  intercept  is  appropriately  expressed 
as  the  intercept  interval,  being  the  time  from  the  intercept  of  one  target 
by  a  firing  unit  to  the  intercept  of  the  next  target  by  the  same  firing 
unit,  as  defined  in  Chapter  II,  Section  D.  A  brief  review  of  Sections  C  and 
D  of  Chapter  II  will  provide  a  useful  background  for  the  ensuing  discussion.  » 

As  there  indicated,  the  intercept  interval  can  be  and  often  is  range  depen¬ 
dent.  Hence,  the  firepower  may  be  smaller  or  larger  as  intercepts  occur  | 

predominantly  at  long  or  at  short  range.  The  dominant  range  in  turn  is  de¬ 
termined  by  tne  distribution  of  targets  in  space  and  time  and  by  the  order 
in  which  they  are  engaged;  i.e. ,  the  firing  doctrine  used.  _ 

B.  Single  Firing  Unit  -  Radial  Attack 

To  introduce  certain  basic  notions  without  confusing  complications, 
consider  first  a  very  simple  tactical  situation. 

A  single  SAM  firing  unit  is  employed  in  its  own  defense.  All  parts 
of  the  system  are  assumed  to  operate  (equipment  reliability  Is  ignored).  No 
consideration  is  given  to  clearance  shadows  or  to  degradations  arising  from 
poor  data.  The  specified  firing  doctrine  is  assumed  to  be  followed  without 
error. 
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The  attack  Is  assumed  to  be  homogeneous,  employing  a  single  Air¬ 
craft  type.  All  aircraft  fly  at  the  same  speed  and  altitude  along  a  single 
radial  path  directly  toward  the  SAM  firing  unit.  Consequently  the  sane 
firing  zone  and  BRL  apply  to  all  aircraft.  Individual  aircraft  can  be  dis¬ 
tinguished  by  the  radars.  The  number  of  aircraft  In  the  attack  Is  not  spec¬ 
ified  but  is  assumed  to  exceed  the  number  of  missile  salvos  fired  If  no 
aircraft  is  engaged  more  than  once. 

C.  Wave  Attack 


Assume  Initially  that  the  aircraft  approach  In  a  wave;  i.e,,  with 
no  significant  time  spread.  The  aircraft  are  engaged  In  arbitrary  order, 
no  aircraft  being  engaged  more  than  once.  Let  pA3X  and  ptqi  be  the  maximum 
and  minimum  Intercept  ranges  as  determined  by  the  zone  orlTre  and  BRL;  let 
u  denote  target  speed.  Let  p^9X  *=  Pi  »Po  »  •••  Pn at  denote  the 
ranges  at  which  successive  targets  are  Intercepted.  The  turn  between  the 
(1-1) st  and  1-th  Intercepts  is  on  the  one  hand  the  intercept  Interval  T(p4) 
and  on  the  other  hand  the  time  (p,  .  -  p.)/u  required  for  the  attacking  1 
wave  to  travel  from  range  p1_1  to'lrange  p^.  Using  a  linear  approximation 

T(p)  -  a  +  pp 

for  the  Intercept  Interval,  this  equality  may  be  written 


or 


a  +  Ppi 


pi 


Pl-1  -  « 
1  +  up 


But  pj^  «  p-aT,  so  successive  Intercept  ranees  can  be  computed,  and  n  deter¬ 
mined  as  the  greatest  integer  for  which  pn  at  p^^. 

Alternatively,  It  Is  easily  seen  by  Induction  that 


(13) 

1  Uft 

1  1  \ 

pn 

"  (1  ♦  up)*-1  1  TT'* 

J1  +  i  +up  + 

(1  +  up)n*®| 

If  P  /  o 

11 

-i 

pn 

‘  (i ,  wr1  Pl  6  r 

(1  +up)n‘X| 

:! 

so 

(1 

+  UP)"'1  - 

■i 
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and 


log 


n  •  1  +  r 


a  +  ppx 

ot  t  Pp_ 


log  (1  +  up) 

But  since  px  -  paax  and  pn  *  pmln  »  pR+1>  one  may  write 


n 


log 


o  +  Pft 


max 


1  f 


a  •*  *bln 


log  .  1  ••  up ) 


where  £xj  denotes  the  gre  yest  Integer  not  exceed  ir.g  x. 

If  p  t  0,  then  equation  (1J) 
reduces  to 


and 


o  p^  -  ua(n-li 


n  ~  1 


P1  - 


ua 


Again,  replacing  p,  by  p  ,  p  by  p .  ,  and  taking  the  Integral  part  of 
the  resulting  expression1***  “  B1" 


(I**) 


pmax  ~  pmln1 
ua  j 


It  should  here  be  emphasized  that  T(p)  is  the  time  between  Inter¬ 
cepts  and  the  preceding  equation  applies  to  an  intercept  Interval  that  is 
independent  of  range .  Such  Independence  will  arise  when  the  rate  of  fire 
1?  launcher,  governed ,  provided  the  attack  path  passes  directly  over  the  SAX 
firing  site.  In  this  event  the  time  between  the  (l-l)st  and  i-th  inter¬ 
cepts  is  the  launcher  cycle  time  T»  plus  the  time  of  flight  to  leas  the 

time  of  flight  to  p^.j.  Tne  time  cetween  intercepts,  for  approaching  tar¬ 
gets,  is 


pl-l  :  pi 
u 


Hence,  letting  v  denote  mean  missile  speed. 


pi-l  pi-l  *  pi 
v  U 
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or 


pi 


pi-l 


By  induction 


and 


uTt 

pn  -  Pj_  -  (n-i)  — 
1  +  v 


,  ,,  u.  pl  *  pn 

n  =  1  +  (1  +  — ) 


or.  as  before 


L  .  /,  u»  paax  "  pain  | 
n  -  [1  ,  vl  ♦-)  - jr- - J  • 


Comparing  this  equation  with  equation  (14),  clearly 
1 


a  = 


V 


(See  Chapter  II,  Section  C). 

If  the  targets  arc  receding  (outbound),  the  tlar  between  Inter- 
pi  "  pl-l 

cepts  Is  ■  *  u-'-'  ,  and 

uT. 


In  this  case 


P1  *  pl-l  '  .  u 
1  '  v 


a  ~  ,  u  TL 

1  "  7 


D.  Continuous  Approximation 

The  expressions  for  n  given  above  provide  estimates  of  firepower 
during  a  wave  attack.  Each  is  a  step  function  over  the  range  Interval 
to  p^,  whose  values  Jump  from  one  Integral  value  to  the  next,  as  in¬ 
dicated  in  Figure  26. 
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Figure  g6 


Situations  in  which  it  is  desirable  to  approximate  a  step  func¬ 
tion  by  a  continuous  function  arise  so  often  in  this  and  similar  calcula¬ 
tions  that  s  few  remarks  on  this  point  are  in  order.  These  remarks,  while 
specific  to  the  situation  at  hand,  are  typical  of  arguments  used  in  a  var¬ 
iety  of  % ir liar  situations. 

It  should  first  be  pointed  out  that  three  continuous  approxima¬ 
tions  are  of  particular  Interest: 

The  major  approximation,  which  touches  the  tops  of  the  steps 

’ifte  minor  approximation,  which  touches  the  bottoms  of  the  steps 

The  mean  approximation,  which  cuts  each  riser  at  its  midpoint. 

Since  the  step  function  lies  between  its  major  and  minor  approximations, 
the  relative  error  in  using  ar.y  of  these  approximations  is  less  than 

(major  approx)  -  (minor  approx)  _  1^ 
function  ~  n 

and  hence  is  3*ell  when  n  is  large.  The  relative  error  in  using  the  mean 
approximation  is  S  1/2  n,  which  is  still  smaller.  Hence,  when  n  is  large, 
any  of  the  three  approximations  is  acceptable  without  further  argument. 

The  independent  variables  (p^*,  p^,  u,  a,  p)  from  which  the 
values  of  the  function  in  question  arc  computed  are,  in  &r,  actual  tactical 
analysis,  not  known  exactly  but  estimated  from  available  data  and  hence 


properly  regarded  as  random  variables,  the  spread  of  whose  distribution 
arises  from  errors  of  estimate  and/or  the  statistical  nature  of  the  quan¬ 
tity  being  estimated.  The  number  of  targets  engaged  as  a  function  of  these 
random  variables  is  itself  a  random  variable  with  a  distribution  function 
which  in  principle  can  be  computed,  but  *  1  practice  is  difficult  to  deter¬ 
mine.  This  view  of  the  expected  number  uf  targets  engaged  as  arising  (In 
the  usual  way)  from  a  random  variable  permits  a  straightforward  treatment 
of  the  discontinuities  in  n. 


At  those  values  of  the  independent  variable  corresponding  to  a 
discontinuity  in  n,  what  actually  happens  statistically  is  that  in  about 
half  the  actual  cases  one  gets  the  higher  value ,  and  in  about  half  the  ac¬ 
tual  cases  the  lower  value.  When  these  favorable  and  unfavorable  cases 
are  averaged  together,  the  expected  value  so  obtained  is  simply  the  average 
of  the  higher  and  lower  values.  This  argument  leads  one  to  prefer  the  mean 
approximation,  not  only  to  other  continuous  approximations  but  even  to  the 
step  function  Itself,  as  an  estimate  of  the  expected  number  of  targets  en¬ 
gaged. 

E.  Continuous  Approximation  Formulas 

On  the  basis  of  the  last  two  sections,  the  following  estimates  are 
suggested  for  the  firepower  during  a  wave  attack: 


log 


a  +  Bp 

^muv 

a-+ 


log  (1  +  up) 


if  P  /  0 


11 


1 

2 


+  P«m«  ~  pmin 
u a 


if  p  *  n  . 


In  the  first  formula  above,  the  base  to  which  the  logarithms  are  taken  is 
immaterial,  since  only  ratios  of  logarithms  are  involved.  If  a  Is  deter¬ 
mined  by  the  launcher  cycle  time  T^,  the  second  formula  above  becomes 


1  / 1  u. 

j  .  II  *  -) 


max 


►'min 


UT, 


1  #,  u.  paax  '  pmin 

2  U  "  v '  uT^ 


for  approaching  targets 


for  receding  targets 


P.  Extensions  of  Formulas 


In  some  Instances  a  single  linear  approximation  to  the  Intercept 
Interval  T(p)  is  not  satisfactory,  but  a  piece-wise  linear  approximation 
is.  To  illustrate,  suppose 
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p' 
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a" 

{See  Figure  27) 

Figure  2? 

Using  the  methods  derived  earlier,  one  can  calculate  the  firepower  achieved 
In  each  range  interval,  and  add  theta  to  obtain  the  total  firepower.  How¬ 
ever,  the  1/2  snould  be  added  only  or.ce,  since  it  is  included  to  allow  only 
for  the  first  intercept,  at  p  One  may  then  write 


log  (1  +  up)  log  (1  +  uB» ) 


PVU 


Consider  now  a  SAH  system  having  one  launcher  with  cycle  time  TL, 
and  two  guidance  channels,  each  wxth  intercept  interval  T(p)  =  a  ♦  pp. 

Let  the  first  intercept  occur  3t  maximum  range  p^ax*  Since  another  guidance 
channel  is  available,  the  next  engagement  will  be  delayed  only  until  the 


ini 

vnmmwa  uaotATott 
nm 


launcher  is  again  loaded  and  ready.  Hence  the  second  intercept  range  is 


P2  =  P1 


The  next  engagement  will  be  delayed  until  either  the  launcher  is  loaded 
and  ready,  or  until  the  first  guidance  channel  becomes  free  and  available, 
whichever  delay  is  longer.  The  third  intercept  range  is  thus  given  by 


P5  =  min  < 


1  f-  UfJ 


1.5  similar  manner  successive  intercept  ranges  can  be  computed,  and  the 
firepower  determined.  An  analogous  calculation  can,  of  course,  be  made 
for  any  number  of  launchers  and  guidance  channels. 


If  an  estimate  of  the  firepower  ip  all  that  is  wanted,  the  indi¬ 
vidual  intercept  ranges  being  of  no  interest ,  a  simpler  procedure  can  be 
followed.  Instead  of  tne  step-by-step  procedure  used  above,  in  which  each 
niece  of  equipment  must  be  kept  track  of,  one  can  use  the  average  launcher 
Interval  and  the  average  intercept  interval  described  in  Chapter  II,  Sec¬ 
tion  D,  to  define  an  intercept  interval  for  the  entire  CAM  unit,  and  then 
compute  firepower  by  any  of  the  methods  derived  earlier.  The  intercept  in¬ 
terval  to  be  used  it 


T(p)  *  max< 


Vkl 

1  +"u/v 


SL 

Mfi 


where  Mr  and  KL  are  the  numbers  of  launchers  and  guidance  channels  respec¬ 
tively.  G 


If  the  step-by-step  procedure  is  followed,  the  Intercept  points 
will  usually  be  rather  irregularly  spaced  along  the  attack  path.  Use  of 
the  average  intercept  interval  just  defined  will  load  to  about  the  same 
number  of  intercept  points,  but  spaced  at  more  nearly  regular  intervals. 
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Keans  and  Dispersions 


The  computations  above  arc  typical  of  many  in  this  field  in  that 
they  use  mean  values  ol*  the  independent  variables  throughout,  rather  than 
performing  calculations  with  random  variables  and  then  averaging  in  the 
final  step.  The  reason  for  doing  thi3  Is  that,  generally  speaxing,  tne 
earlier  the  averaging  is  performed ,  the  simpler  the  calculations  become, 
and,  furthermore,  the  distributions  of  the  random  variables  are  rarely 
known.  Such  an  inversion  of  the  correct  order  of  operations  does  not  gen¬ 
erally  yield  correct  answers,  as  a  very  simple  example  shows.  The  inver¬ 
sion  does  often  provide  an  adequate  approximation,  however. 

Let  x  be  a  random  variable  which  has  the  tnree  equally  probable 
values  1,  2,  3*  Let  y  =  1/x.  Tnen  x  =  2  and  l/x  *-•  1/2;  but 


-  1  /,  1  1*  11  /,r 
y=  jd  *  g  * *0  a  1ST  *  • 


Hence,  inverting  the  averaging  operation  and  the  (non-linear)  operation  of 
taking  reciprocals  yields  a  wrong  answer  by  some  1/9  *  11  percent. 

However,  the  following  argument  partially  Justifies  the  inversion 
in  some  cases  of  present  interest: 

Let  f(x1(  x2 ,  ...»  x  5  be  a  function  of  the  random  variables  x.: 
Xg,  ... ,  Xj,.  Let  be  the  m§an  of  x«  and  1st  iu  *  x^  -  x^.  If 
has  continuous  second  partial  derivatives,  then  its  Taylor  expansion  can 
be  written  about  the  mean  point: 


ic^)  =  +  £  fjhj.  T  R, 


where  f^  =  ftx^)  and  B,  the  remainder,  is  a  sum  of  higher  order  terns. 
The  mean,  E{f) ,  and  variance,  a2(f),  can  then  be  written 

E{f )  -  f»r4)  i  E(R) 

o2(f)  *  V*  f/V?{h.)  4  o2IR), 

p 

since  £(1^)  =  0,  a  iffx^))  a  0,  and  the  operations  of  taking  mean  and  var¬ 
iance  ore  linear. 

When  the  remainder  tern,  R,  if  so  small  (in  prcocbility)  that  its 
neon  and  variance  can  be  neglected  in  the  ••pproximate  computation  at  hand, 
the  approximations 


-  ?*i 
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E(f)  =  f(3T1) 

o9(r)  =  JTf^d^)' 


can  be  used.  The  first  of  these  Justifies  averaging  at  the  beginning 
rather  than  at  the  end  of  the  calculation  and  the  second  permits  a  com¬ 
paratively  simple  estimation  of  the  variance  when  the  calculation  is 
completed. 


The  remainder  term  is  cf  the  form 


where 


2  I  [  fijhihj 

i  J 


f  „  - -  f (x,  4  h' ) 

**  “ 


with 


This  remainder  is  small,  therefore,  when  the  second  order  deriva¬ 
tives  are  small  (i.e.,  the  function  f  is  almost  linear)  or  when  the  devia¬ 
tions  h,  about  the  means  are  small  in  probability  (i.e.,  when  a(h, )  is  small 
compared  to  x^) .  One  or  the  other  of  these  two  conditions  holds  in  many 
cases  of  interest.  In  particular,  the  intercept  interval,  up),  typically 
has  a  dispersion  which  is  small  compared  -o  its  mean  value. 


It  should  be  noted  that  the  argument  above  makes  no  assumptions 
about  the  independent  of  the  random  variables,  xi(  or  about  the  fonjis  of 
their  distribution  functions,  except  existence  of  first  and  second  moments. 


!! .  Integral  Formulas 

.  In  many  Instances  of  interest ,  the  quantity  up  is  smell  relative 
to  unity  (e.g.,  as  the  rat..;  of  target  speed  to  missile  speed).  If  this  is 
so  and  natural  logarithms  are  used,  the  expansion 


ln( l+x )  = 


gives  the  approximation 


1  1  T(pm) 

=  2” 4  ® lr* 


(up<0) 
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I.  Alternate  Computation 

It  Is  interesting  to  notice  the  last  equation  can  be  derived  in 
a  somewhat  different  fashion: 

B  =  |  +  1  +  . . .  1 , 

where  1/2  is  allowed,  as  in  Section  E,  for  the  target  engaged  at  p.,  =  pmQV , 
and  1  foi  each  of 
the  1-th  Oa  these 

1  = 


whence 

H  = 


Approximating  the 


!l  = 


J.  Graphical  Integration 

The  expression  for  N  in  terms  of  an  integral,  given  above,  suggests 
a  graphical  means  for  computing  K  that  is  particularly  useful  when  T(p)  does 
not  admit  a  simple  linear  approximation.  The  reciprocal  of  uT(p),  is  plotted 
against  p  on  suitably  ruled  graph  paper  (Figure  28). 


f 

i 


the  targets  engaged  at  p,,,  ...,  p  a*p  .  .  As  in  Section  C, 
l's  may  be  written 


pi-i  -  pi  1  Api 


u  a  +  pp1  u  a  +  pp.^ 

1  i  y  Afi 

2  +  u  a  +  ppA 

sum  by  the  corresponding  integi al , 


Kmax 

1  +  i  f 

2  u  /  a  +  pp 

pmin 


,  ,  a  +  Bp 

1,1  k  max 

x  +  In 


2  up  a.  +  pp, 


min 
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The  desired  integral,  which  is  the  area  under  the  curve,  can  then  readily 
be  evaluated  by  counting  squares  and  multiplying  the  count  by  the  value 
per  square: 


A  (srfer  •  Ap  _.i 


K.  Stream  Attack 


The  discus-ion  thus  far  has  been  concerned  with  a  wave  attack; 
consider  now  the  effect  of  a  time  spread  in  the  attack.  To  be  specific, 
suppose  that  the  attacking  aircraft  approach  in  a  stream,  with  a  time  spac¬ 
ing  of  s  seconds  between  arrivals  of  successive  aircraft.  Aircraft  are 
engaged  in  the  order  of  their  arrival,  no  target  being  engaged  more  than 
once.  As  in  Section  C,  equate  the  intercept  interval  T(p^)  to  the  time  it 
takes  for  the  i-th  target  to  fly  from  range  p1_1  +  us,  its  range  when  the 
preceding  intercept  occurred,  to  range  p y 


or 


T(pt)  -  s 


Comparison  with  the  corresponding  equation  of  Section  C  shows 
that  tt e  effect  of  a  time  spacing  s  between  successive  targets  is  to  sub¬ 
stitute  T(p)  -  .  for  ? ( p ) .  Otherwise  stated,  a  time  spacing  s  between 
targets  has  the  same  effect  as  a  decrease  of  ?  in  the  intercept  interval. 
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The  discussion  of  firepower  against  a  wave  attack,  the  deriva¬ 
tions  of  formulas ,  and  the  description  of  the  graphical  integration  com¬ 
putation  are  applicable  to  the  stream  attack  with  spacing  s  as  well,  the 
only  change  being  :.o  replace  T(p)  by  T(p)  -  s.  Indeed  the  wave  attack 
as  treated  is  Just  a  special  case  of  the  stream,  Attack,  with  s  set  equal 
to  zero,  The  more  general  continuous  approximation  formulas,  for  arbi¬ 
trary  spacing  s,  are 


log 


- ! 

Il0»lni  ~  5 
log  (1  ~  up) 


if  p  /  0 


1  ^m?x  ~  pmin 

2  +  u(a  -  s' 


if  P  -  0 


In  particular,  for  launcher  governed  fire  against  approaching  targets 


pmax  ~  pmln 
u(Tl  -  s) 


L.  Two  Graphical  Computing  Methods 

A  graphical  means  for  computing  successive  intercept  ranges  pi# 
applicable  to  arbitrary  spacing,  is  the  familiar  strip-matching  technique; 
it  is  particularly  useful  when  a  linear  approximation  to  T(n)  is  not  sat¬ 
isfactory.  The  method  has  wider  applications  which  will  be  discussed  later 
It  is  explained  here  to  avoid  unnecessary  complications. 

Suppose,  first,  that  fire  Is  guidance  channel  limited.  After  se¬ 
lecting  s  convenient  distance  unit  (e.g.,  10  kiloyards  per  inch),  prepare 
an  intercept  interval  strip,  on  which  conveniently  chosen  values  of  T(p), 
covering  the  interval  from  T(p _,n)  to  Tfp  )  ere  entered  at  the  corres¬ 
ponding  ranges  p,  measured  in  the  selected  distance  unit.  A  convenient 
means  for  doing  this  is  to  plot  T(p)  versus  p,  the  latter  in  the  selected 
unit,  and  mark  off  the  chosen  values  T0,  T^,  Tg,  ...  of  T(p)  on  the  T-axls. 
from  this  graph,  read  off  and  mark  the  corresponding  ranges  p0,  p^,  pg»  ... 
bay  a  strip  of  paper  along  the  p-axis,  mark  off  tne  ranges  on  the  strip, 
and  enter  the  corresponding  times  ?see  Figure  29). 
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Figure  29 

Next  prepare  a  target  strip  showing  the  distance  of  target  travel, 
In  the  selected  unit,  versus  time  {Figure  30). 


Figure  30 

On  a  separate  sheet  draw  a  straight  line  attack  path  and  nark  off 
the  firing  unit  position  and  the  maximum  and  minimum  Intercept  ranges. 

Place  the  two  strips  along  the  line  as  shown  In  Figure  31.  The  index  of 
the  Intercept  interval  strip  should  be  at  the  firing  unit  position.  The 
appropriate  position  for  the  target  strip  will  depend  upon  the  target  spac¬ 
ing;  for  spacing  t  the  point  t  =  s  on  the  strip  should  coincide  with  the 
maximum  intercept  range  p^ax.  Vllth  the  strips  properly  placed,  determine 
the  point  at  which  the  times  on  the  two  scales  coincide  (l.e.,  T  *  t).  Mark 
this  point  on  the  attack  path  line;  it  Is  the  second  intercept  range, p„  (re¬ 
call  that  p,  »  p  ),  two  str*Ps  are  n0  more  than  a  simple  analog  com¬ 

puter  for  the  solution  of  the  equation  T ( pg )  *  (pj  -  pg)/u).  Next  sxlde  the 
target  3trlp  along  until  the  point  t  =  s  coincides  with  the  second  Intercept 
point,  and  mark  the  point  at  which  the  two  scales  coincide  (l.e.,  T  *  t)  to 

obtain  p,. 

5 
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POINT  AT  WHICH  T  =  t 


Figure  31 


Proceed  to  mark  the  successive  Intercept  points  In  this  manner  until  some 
range  pn+1  falls  Inside  the  minimum  range  p^in*  If  a  continuous  approxi¬ 
mation  to  the  flrepovier  is  desired,  one  can  interpolate  between  pn  and 
p  1#  Further,  if  the  mean  approximation  is  desired,  n  should  be  reduced 
by+  1/2  as  before.  Thus 


N 


n 


pmln 

pn+l 


If  the  intercept  interval  T  is  independent  of  range  over  e.  part 
of  the  Interval  from  to  p_ln,  the  intercept  interval  strip  should  show 
the  constant  time  T  corresponding  to  all  of  that  part  of  the  interval. 

(See  Figure  32) 


T  CONSTANT 


Figure  52 

Thus  in  matchix.g  strips  to  find  intercept  points,  one  need  only  look  for 
the  point  cn  the  target  strip  at  which  t  ^  T  constant.  If  the  intercept 
interval  is  constant  over  the  entire  range  interval,  no  intercept  interval 
strip  is  needed. 


An  alternate  graphical  method  for  computing  successive  intercept 
ranges  follows.  It,  too,  has  wider  applications,  which  will  be  discussed 
later. 

First  plot  intercept  interval  T(p)  versus  range  p  on  a  translucent 
sheet  (Chart  A).  On  a  separate  sheet  plot  target  range  versus  tli.e  (Chart  B) 
for  a  single  target,  using  the  same  time  and  range  scales  as  in  Chart  A. 

(See  Figure  33) 
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CHART  A  CHART  & 

Figure  33 

The  first  intercept  range  p,  *  p^.  To  find  the  next  intercept 
range  pg,  place  Chart  A  on  Chart  B  with  p  »  pQ  of  B  at  p  »  Pinax^*pl^  of  A 
and  t  =  0  of  B  at  T  =.  s  of  A,  whei-e  s  denotes  spacing  between  targets. 

Read  off  the  range  p  =  pg,  on  A,  et  which  the  target  line  of  B  Intersects 
the  intercept  interval  curve.  iu  find  .p,,  move  Chart  A  so  that  p  *  pQ  of 
B  is  at  p„  of  A  and  t  =  0  of  B  is  at  T  =  s  of  A.  Read  off  the  range  p  =  p, 
on  A  at  wnlci1  the  target  line  of  3  intersects  the  intercept  interval.  5 
Proceed  in  this  manner  until  some  pn+^  falls  to  the  left  of  p-j^.  As  before 
a  continuous  approximation  to  firepower  can  be  obtained  by  interpolation 
between  p  and  p  j.  (See  Figure  34) 
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K.  Single  Firing  Unit  -  Crowing  Attack 

Thus  far  v:e  have  considered  a  special  tactical  situation  of  a 
single  SAM  firing  unit  engaged  in  it3  own  defense.  The  attack  followed 
a  radial  path  directly  toward  the  SAM  unit.  The  present  section  extends 
the  results  to  the  situation  In  which  the  SAM  unit  Is  engaged  In  the  de¬ 
fense  of  a  surface  target  other  than  itself  and  the  attack  follows  a  single 
straight  path  toward  the  surface  target.  In  general,  the  path  will  not 
pass  directly  over  the  SAM  unit;  i.e.,  will  be  a  crossing  attack  path.  The 
effect-  of  a  crossing  path  is  to  introduce  certain  geometrical  complications 
into  the  calculations.  All  simplifying  assumptions  previously  made  are  here 
retained  except  for  the  position  of  the  SAM  unit  relative  to  the  attack  path. 

II.  Wave  Attack 


Initially  we  will  assume  a  wave  attack.  The  aircraft  are  engaged 
in  arbitrary  order,  but  no  aircraft  is  engaged  more  than  once.  To  account 
for  the  geometry,  it  is  convenient  to  introduce  a  Cartesian  coordinate  sys¬ 
tem  with  origin  at  the  surface  target  center,  x-axis  along  the  attack  path 
so  that  th^  attack  approaches  from  the  positive  direction  and  y-axls  normal 
to  it.  Let  (x0,  yQ)  be  the  coordinates  of  the  SAM  firing  unit  position  (the 
distance  y  is  often  called  the  crossing  distance  or  crossing  range);  again 
let  p  denote  intercept  range  to  the  target  (see  Figure  33). 
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The  relation  between  Intercept  range  £  and  the  corresponding  tar¬ 
get  position  x  may  be  written  as 

V~2  2~  ' 

p  -y0 

or  ^ _ 

0  -  Y-o)2  +  yo2 

Let  pmaA ,  iQ  be  the  maximum  and  minimum  Intercept  ranges  as  de¬ 

termined  by  thezone  of  fire  and  weapon  release  point,  i.e,,  the  first  pos¬ 
sible  and  last  possible  intercept  ranges;  let  xmpY  and  be  the  corres¬ 
ponding  target  positions  along  the  attack  path;  let  u  denote  target  speed. 
Let  »  Xl»x2~...  xn»\in  denote  positions  at  which  successive  tar¬ 
gets  are  Intercepted,  and  p,,  p2  ...  p,,  the  corresponding  Intercept  ranges. 
The  time  between  the  (i-l)st  am  i-th  Intercepts  is  on  the  one  hand  the 
intercept  Interval  T(pA)  and  on  the  other  hand  the  time  (x^  -  x,)/u  re¬ 
quired  for  the  attacking  wave  to  travel  from  x^  to  a^.  Using  the  linear 
approximation 


T(p)  -  a  +  ,3p 


for  the  intercept  interval,  this  equality  may  be  written 

xl-l  "  xi 
a  +  PPi - - 

5ut 

(15) 
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Substituting  this  expression  for  pn  In  the  preceding  equation  and  solving 
for  x^  a  recursion  formula  giving  x^  in  terms  of  x,  ^  is  obtained.  Set¬ 
ting  x^  »  xma_,  successive  intereepfpositions  can  bo  computed  and  n  de¬ 
termined  as  the  greatest  integer  for  which  xn  *: 

A  recursion  formula,  more  convenient  for  computing  purposes,  can 
be  obtained  by  assuming  the  last  intercept  at  x^-  and  then  calculating  the 
next-to-last  intercept  position,  the  seeond-f rom-last ,  etc.  To  this  end, 
let  x_<„  -  xi  2  xi« ...  x '  2  denote  the  intercept  positions,  numbered 
in  the  reverse  order  of  occurrence,  and  let  p^,  pg,  ...  ,  p^  be  the  corres¬ 
ponding  intercept  ranges.  Then,  as  above, 


or 


u 


=  y  ‘  j.  |  £  *  ^ 

‘i+1  'i  +  UUPi' 


But,  again, 


Thus,  setting  x{  *  r.  ,  ,  one  may  compute  p.1 ,  then  xl,  and  so  p‘,  then  x* , 

etc.  l  min  12  2  5 


Because  of  the  quadratic  relation  between  and  p,,  an  inductive 
argument  .oes  not  lead  directly  to  a  convenient  formula  for  n,  as  was  the 
casr:  ;ith  a  radial  attack.  However,  if  one  writes  the  intercept,  interval 
as  a  function  of  x, 

T  =  T  |y<x  -  x/ + vo2 

and  then  chooses  a  suitable  approximation  which  is  linear  in  <x,  i,e., 

T  *  a1  +  P'x 

the  earlier  inductive  argument  may  then  be  followed  and  one  obtains 


n  *  1  + 


log 


a‘  +  ,/x1 

ot*  V  p'xn 


log  (1  +  U;',') 


n  s 


if  B*  t  0 


if  =  o 


The  mean  continuous  approximation  can,  as  before,  be  written  as 


a'  +  P'x  v 
i,., _ max 

1js  a'  +  £'x  , 

K  min 

.'leg  (1  +  up* ) 


if  3'  ^  0 


,  X  -  X  , 

_  1  max  min 

~  2  '  uct' 


if  p«  *  0 


When  the  rate  of  fire  is  launcher  governed,  the  intercept  interval 
will  not  be  independent  of  intercept  position,  as  in  3e"-’on  C.  For,  re¬ 
call  that  the  intercept  interval  is  equal  to  the  launch  'de  time  plus 
the  difference  in  times  of  flight  of  the  i-th  and  (i-i)sv  vos.  But  this 
difference  in  times  of  flight  is  not  independent  of  range  when  the  attack 
path  is  a  crossing  path.  For  example,  if  the  intercept  range  p*  is  long 
compared  to  the  crossing  distance  y0,  then  the  difference  in  intercept  ranges 
is  approximately  equal  to  the  difference  in  intercept  positions,  and  so  the 
difference  in  times  of  flight  is  approximately  (x?-1  -  x^J/v  (see  Figure  36). 
If,  on  the  other  hand  p1  is  about  equal  to  y0,  then  so  may  p,  ,  be  about 
equal  to  y. ,  then  so  may  be  about  equal  to  y0,  and  the  difference  in 
times  of  flight  is  small. 


If  fire  is  launcher  governed,  a  recursion  formula  giving  successive  inter¬ 
cept  positions  is  obtained  by  substituting  equation  (15)  into 


and  solving  for  x^. 
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For  a  crossing  attack  path  the-  Integral  representation  of  fire¬ 
power  11  is 


max 

K»i  +  i  f 

2  u  I  ?(f 


where  p  is  expressed  in  terms  of  target  position  x.  Because  of  the  quad¬ 
ratic  relation  between  x  ar.d  o,  evaluation  of  this  integral  does  not  lead 
to  a  simple  closed  fora  even  if  7  li  expressible  cs  T  =  a  +  pp.  If,  how¬ 
ever,  a  suitable  approximation  to  T,  which  is  linear  ir.  x,  or  at  least  is 
piece-wise  linear  in  x,  can  be  found,  the  integral  can  then  be  evaluated 
us  before.  Even  without  such  approximation,  graphical  or  numerical  eval¬ 
uation  of  the  integral  can  be  made. 

?.  Stream  Attack 

Extension  of  the  earlier  results  far  a  crossing  attack  path  to  an 
arbitrary  spacing  s  is  very  simple  and  straightforward.  In  Section  K,  it 
was  shown  that  a  time  spacing  s  has  the  sane  effect  as  a  decrease  in  tie-up 
time.  The  same  argument  applies  in  the  case  of  a  crossing  attack  path,  and 
so,  with  T  replaced  by  T-s,  the  results  of  the  preceding  section  apply  to 
arbitrary  spacing  s. 

Q.  Graphical  Computing  Methods 

'The  method  of  strip-matching  described  in  Section  L  is  directly 
applicable  to  the  crossing  attack  path  situation. v  If  fire  is  guidance  chan 
nel  limited,  an  intercept  interval  strip  and  a  target  strip  are  prepared 
exactly  as  before.  On  a  separate  sheet  the  attack  path  is  drawn,  the.  SAM 
firing  unit  position  is  indicated,  and  the  first  (xm„^)  and  last  (x-j*)  in¬ 
tercept  positions  are  marked  off.  The  target  strip  is  placed  along  tne 
attack  path,  with  the  point  t  »  c  or.  the  strip  coinciding  with  x^^,  for 
target  spacing  s  {see  Figure  5Y'. 
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figure  21 


The  intercept  Interval  strip  is  placed  with  index  at  the  SAM  firing  unit; 
it  is  convenient  to  insert  a  pin  at  this  point,  to  permit  the  intercept 
interval  strip  to  rotate  about  the  SAM  position.  The  latter  strip  is  then 
rotated  until  the  two  strips  intersect  at  a  point  such  that  T  *  t.  This 
point  is  marked  on  the  attack  path  line;  it  is  the  second  intercept  posi¬ 
tion  x0  (recall  that  =  x^  The  target  strip  is  next  moved  along  the 
path  until  the  point  t  =*  s  or the  strip  coincides  with  the  position  x~. 

The  intercept  interval  strip  is  rotated  until  the  two  strips  intersect  at 
a  point  such  that  T  »  t;  the  point  is  marked  off  as  position  Xy  Success¬ 
ive  intercept  positions  are  marked  off  in  thl3  manner.  ? 

If  fire  is  launcher  governed ,  the  intercept  interval  i3  given  by 
T  =  Tt  +  tf(p1)  -  tf{pi-]L) 

and  the  difference  in  times  of  flight  is  not  constant  (see  Section  N).  The 
problem  to  be  solved  by  the  use  of  strips  is  the  solution  of  the  equation 


or 


TL  +  tf(pi)  ’  fcf *pi-I*  "* 


i-1 


+  ^(p^) 


The  target  strip  should  be  prepared  as  before.  The  intercept  Interval 
strip,  however,  squires  two  scales,  one  giving  T^  +  t „(p)  versus  p,  and 
the  other  tf(p)  versus  p.  In  preparing  the  strip,  firit  choose  several 
convenient  values  T^,  ?J,  ...  of  Ts  =»  T’L  +  t.,{o),  covering  the  interval 
from  TL  +  tf(pmin)  to  J'T,  4  t.(pr!ax) ,  and  enter  these  times  at  the  corres¬ 
ponding  ranges  p’.  The  method  of  Section  L  car.  be  used  here.  At  each  of 
the  above  ranges,  also  enter  the  tljne-of-f light  t Jp)  (see  Pigure  jB). 
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Figure  ;£ 

The  procedure  for  finding  successive  intercept  points  is  as  follows.  Place 
the  Intercept  interval  strip  with  index  at  the  SAM  firing  unit,  again  in¬ 
serting  a  pin  to  permit  rotation  of  the  strip  about  the  SAM  3ite.  Rotate 
the  strip  so  that  its  ruled  edge  passes  through  the  first  intercept  posi¬ 
tion  Xjnax,  and  read  off  the  time-of-flight  to  this  position.  Next  place 
the  target  strip  along  the  attack  path  00  that  the  first  intercept  position 
is  opposite  the  time  on  the  target  strip  scale  which;  is  equal  to  the  time 
of  flight  just  read  off.  Holding  the  target  strip  fixed,  rotate  the  inter¬ 
cept  interval  strip  until  the  two  strips  intersect  at  a  point  3uch  that 
■?'  =  t.  This  point  is  marked  on  the  attack  path  line;  it  13  the  second  in¬ 
tercept  position  x2  (see  Figure  59). 
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Proceed  in  this  manner  to  find  the  successive  intercept  posic*c»»s. 

If  fire  is  guidance  channel  limited  at  Ions  range  and  launcher 
limited  at  short  range,  proceed  a3  described  above  for  guidance  limited 
fire,  so  long  as  this  limit  is  governing.  Then  switch  to  the  launcher 
governed  procedure ,  replacing  x^^  by  the  last  intercept  position  obtain¬ 
ed  under  guidance  limited  fire. 

The  alternative  graphical  method  described  In  Section  L  is  also 
applicable,  with  one  modification,  when  fire  is  guidance  channel  limited. 
The  intercept  'nterval  must  be  expressed  in  terms  of  target  position  x, 
by  means  of  the  quadratic  relation  between.  p  and  x,  ar.i  be  plotted  against 
x  to  give  the  counterpart  of  Chart  A  (Figure  33). 

A  similar  method  can  be  employed  when  fire  is  launcher  governed, 
On  a  translucent  sheet  plot  flight  time  t^.  arid  also  flight  time  plus 
launcher  cycle  time  T,  versus  intercept  position  x,  using  the  quadratic 
relation  between  p  and  7  to  express  flight  time  in  terms  of  x.  (See  Fig¬ 
ure  ':o)  This  sheet  tattoo  the  place  of  Chart  A. 
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Figure  40 

Mark  off  the  first  intercept  position  xA  corresponding  to  p-^.  Place 
this  new  Chart  A  on  Chart  B  so  that  the  target  line  of  B  intersects  the 
tf  curve  of  A  at  x,,  keeping  the  corresponding  axes  of  the  two  charts 
parallel.  The  second  Intercept  position  Xg  is  the  x  at  which  the  target 
line  of  B  intersects  the  TL  +  t,.  curve  of  A.  la  like  manner  successive 
intercept  positions  can  be  obtained. 
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R.  Fire  Analyzers 

A  fire  analyzer  ia  a -device  useful  in  calculating  firepower  of 
a  single  SAM  firing  unit,  against  a  variety  of  crossing  attack#;  e.g;;,  ih 
a  map  exercise  one  may  wish  to  consider  several  attack  paths  and  several 
SAM  sites.  The  fire  analyzer  consists  of  a  family  of  parallel  attack 
paths  with  successive  intercept  points  marked  off  on  each.  The  loci  of 
intercept  points  form. a  family  of  successive  intercept  curves. 
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Figure  41 

The  SAM; firing  unit  location,  parallel  attack  paths,  and  the  suc¬ 
cessive  intercept  curves  are  draun  on  transparent  material.  To  use  the 
analyzer,  the  Attack  pith  or  paths ,  bomb  release  point  for  each,  «nd;  the 
SAM -sites  are  drawn  on  the  map  or  sheet  of  paper.  The  -analyser  :1s  'then 
placed  with  its  center  at  the  SAM  site  and  its  family  of  attack :paths ^par¬ 
allel  to  the  attack  path  on  the  map.  The  number  of  intercepts  that,  occur 
before  boob  release  can  then  be  counted  to  obtain  firepower.  If  desired, 
linear  interpolation  between  intercept,  curves  can  be  employed  togivefrac- 
tional  engagements.  The  fire  analyzer  is  particularly  useful  when  a  large 
number  of  attack  paths  and/or  8AM  sites  are  to  be  considered  as  ln  the  case 
of  a  map  exercise.  Variations  in  maximum  intercept  range  can  be  accounted 
for  by  constructing  the  analyzer  for  the  greatest  range  to  be  considered, 
then  counting  the  number  of  intercepts,  Including  fractions,  occurring  be¬ 
fore  the.  desired  maximum  intercept  range  is  reached  and  subtracting  this 
number  from  the  firepower  obtained  for  greatest  range.  Similarly,  the  num¬ 
ber  of  intercepts  occurring  inside  a  minimum  intercept  range  can  be  sub¬ 
tracted,  to  account  for  the  effect  of  a  minimum  range. 
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To  construct  a  fire  analyser,  first  lay  out  a  family  of  parallel, 
evenly  spaced  attack  paths  on  a  3heet  of  paper,  draw  a  circle  with  radius 
equal  to  the  maximum  intercept  range  and  center  at  the  SAN  firing  unit. 
This  is  the  first  intercept  curve.  The  recursion  formula  of  Section  N, 
or  the  strip  matching  method  of  the  preceding  section  can  then  be  used  to 
determine  successive  intercept  points  along  each  attack  path  in  turn.  To 
obtain  the  successive  intercept  curves,  join  the  sets  of  2nd,  of  prd,  etc. 
intercept  points  with  a  smooth  curve.  The  fire  analyzer  to  be  used  in  a 
map  exercise  must  be  drawn  to  the  scale  of  the  map  in  use.  The  scale  of 
the  analyzer  can  be  changed  by  photographic  enlarging  or  contracting. 

The  labor  involved  in  construction  of  a  fire  analyzer  often  is 
net  Justified  when  variations  in  attack  speed,  target  spacing,  or  SAM  sys¬ 
tem  intercept  Interval  are  to  be  considered ,  since  a  new  analyzer  must  be 
made  for  each  set  of  those  parameter  values.  However,  in  some  investiga¬ 
tions,  such  as  the  deployment  of  units  of  a  given  SAM  system,  fire  analyz¬ 
ers  cur.  be  very  helpful.  liven  though  it  may  be  desirable  to  vary  target 
speed  and  spacing,  the  investigation  often  can  be  carried  out,  U3ing  ana¬ 
lyzers,  for  one  set  of  attack  parameters,  and  adequate  extrapolation  of 
the  results  to  other  attacks  car.  then  be  made. 


S.  Circular  Deployment 

A  tactical  situation  of  particular  interest  is  that  in  which 
several  SAM  firing  units  arc  deployed  about  a  surface  target  and  c.igoged 
in  its  defence.  The  attack  i3  hero  assumed  to  follow  a  single  radial  path 
toward  the  surface  target.  All  simplifying  assumptions  stated  in  Section 
B  other  than  the  positions  of  the  SAM  firing  units ,  are  here  retained.  Tha 
assumption  that  the  attack  approaches  along  a  single  radial  path;  i.e., 
within  a  narrow  azimuth  sector  may  be  justified  on  several  grounds.  By  so 
attacking,  the  enemy  minimizes  the  firepower  of  the  SAM  units  deployed  on 
the  far  side  of  the  surface  target.  He  Improves  his  own  coordination  in 
that  he  can  minimize  spacing  between  arrivals  With  greater  esse.  Also,  he 
may  enhance  his  ECM  effectiveness  by  permitting  mutual  screening  of  targets. 

To  simplify  the  discussion,  the  surface  target  will  be  approximated 
by  a  circle  called  the  Weapon  Release  Circle,  with  center  at  0  and  radius 
%.  (See  Figure  <12)  The  SAM  firing  units  are  equally  spaced  on  an  emplace¬ 
ment  circle  with  center  at  0  and  radius  ftg.  The  SAM  maximum  Intercept  range 
is  assumed  to  be  a  constant  p  independent  of  the  azimuth  of  attack. 
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Figure  |)2 


The  tctal  firepowor  of  the. defense  Is  the  sum  of  the  firepower 
achieved  by  each  of  the  SAM  units.  Hence,  we  consider  first  the  firepower 
of  one  SAM  unit  and  hou  this  firepower  varies  with  the  azimuth  of  attack. 
For  a  particular  azimuth  f ,  if  the  bomb  release  circle  is  reached  before 
the  maximum  intercept  range  circle,  the  firepower  is  of  course  0.  Other¬ 
wise  the  tone  of  fire  extends  from  the  point  of  entry  into  the  maximum  in¬ 
tercept  range  circle  to  either  the  point  of  entry  into  the  bomb  release 
circle  or  the  point  of  exit  from  t'*.e  maximum  intercept  circle,  whichever 
is  reached  first.  Once  the  sone  of  firs  i3  determined,  the  firepower  ;for 
one  and  so  for  every  SAM  unit-cun  then- be  calculated  by  any  of  the  methods 
described  earlier.  Thus  the  variation  cf  firepower  with  attack  azimuth  Y 
can  be  obtained. 


If  the  enemy  knows  those  azimuths  for  which  the  total  firepower 
!!(r)  is  a  minimum  and  if  he  can  indeed  attack  at  one  such  azimuth,  tbe  ex¬ 
pected  firepower  is  this  minimum.  If  he  has  no  such  knowledge,  and  if  he 
can  attack  from  any  azimuth  and  has  no  preference,  then  all  azimuths  of  at¬ 
tack  are  equally  likely  and  the  expected  firepower  K  ir,  the  mean  of  H(  Jf ) 
with  respect  to  f  ;  i.e.. 
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Certain  computational  abort  cut a  are  available  for  determining  N. 
Indeed,  because  of  the  aesuucd  cyumotry  of  deployment,  11  la  simply  the 
product  of  the  nvjaber  of  sites  and  the  average  with  respoct  t«  f  of  the 
firepower  achieved  by  any  one  site.  To  obtain  this  average  N* ,  it  la  con* 
venient  to  assume  that  the  SAM  site  is  et  j  «  o  and  tc  calculate  the  fire* 
power  for  each  of  several  evenly  spaced  ( in  aalmuth}  attack  path"  by  any  of 
the  methods,  described  earlier.  The  number  of  paths  chosen  will  be  dictated 
by  the  accuracy  desired.  The  average  N*  can  readily  be  obtained  by  plottii* 
successive  intercept  points  along  each  path  and  drawing  smooth  curves  through 
the  sets  of  successive  points,  terminating  at  the  edges  of  the  sons  of  fire, 
next,  measui-e  the  angles  A*.,  Ay  ,  — ,  subtended  by  the  successive  in¬ 
tercept  curves.  1  * 


The  labor  Involved  in  the  above  calculations  often  will  not  be 
Justified,  particularly  since  they  Bust  be  repeated  for  each  variation 
of  certain  parameters.  However,  extrapolation  from  the  results  of  a  few 
sets  of  calculations  can  often  be  advantageous.  A  quantity  useful  in 
extrapolation  is  the  siting  factor,  defined  as  the  ratio  of  the  average 
firepower  per  *.te  N'  to  tne  maximum  firepower  per  site  N  at  f  •»  0.  The 
siting  factor  can  be  computed  for  a  single  SAM  system  and  a  single  attack 
speed,  but  for  variations  in  the  geometric  parameters  Ra,  FU,  and  p»,tT. 
Since  the  effects  of  SAM  system  intercept  interval  and  attack  speed  wall 
to  a  large  extent  cancel  out  in  the  ratio,  firepower  for  other  Intercept 
intervals  and  speeds  can  be  esthsated  by  ■'ouputlng  f.'  at  *  0  (using  the 
methods  rtf  scribed  in  Section  K  and  earlier  -  all  relatively  simple),  and 
then  multiplying  by  the  siting  factor  computed  for  the  single  selected 
case. 
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Coordination  of  Pire 


A.  Introduction 


Of  major  import-':*. .  „o  the  effectiveness  of  a  0AM  defen  Is  the 
coordination  achieved  in  a:.  nigr.in,  1  idivlcli  ;1  missiles  to  individual  tar¬ 
gets  during  a  battle.  i.«  purpose,.  of  coordination  are  to  avoid  overkill¬ 
ing  by  avoiding  assign,™-:. ,  of  missiles  to  targets  already  destined  to  die 
from  previous  engagements  and  to  give  highest  priority  to  Ur.  most  threat¬ 
ening  targets.  If  the  utvar-.l!.g  fore.  Is  sff UUcr.tly  iu-gt  to  completely 
saturate  the  uefense.  the  degree  of  coordination  of  fire  i3  of  little  con¬ 
sequence;  even.  V'*’.h  id-..L  c.,ortl t'.n.  tief.nov  is  overwhelmed.  On  the 
other  hand,  if  the  a.ta-.vh.;  lor-.,  la  .00  swell,  the  defense  will  annihl- 
late  it  even  with  poor  e-.o.-dlr'.  ■•>.;.  .etwee:,  those  limits  the  coordination 
achieved  may  male  the  •iiffe.'oia .  ce..  defer.  ..:  1  »  ietrty  Ir.  thus  be¬ 
comes  important  to  as  -.-.*:.-  L.  Vue’.;.-:  :  tribe *.<.  to  degradation  in  co¬ 

ordination  and  how  much,  ir  order  ,.o  doti  .-mine  the  d-.  3 .  moar.s  for  achieving 
a  high  level  of  coordir*:-.:  i.m. 


3.  Limitations 


The  ultimate  to  be  r.oh-a/ou  I:.  coordination  would  ce  to  engage 
each  target  once,  observe  Jaruga,  re-o^age  3.::'w«in g  tar-gets,  and  so  on 
until  all  arc  hilled,  "'his  hr.ppy  state  of  affaire  car.  seldom  be  realized. 
The  number  of  missiles  that  cun  „«s  fired  me/  not  suffice,  ’•'he  time  required 
for  damage  ass jssmeut  folio :l.ig  each  intercept  may  be  excessive,  Poor  tar¬ 
tlet  data,  poor  communications ,  and  erro-s  Jr.  damage-  assessment  mo;/  lead  to 
confusion  In  target  csslgnmir.i.s .  'he  nuitccr  of  times  any  one  targes  can  be 
engaged  and  re-engaged  following  as ica-ment  of  d image  from  the  preceding  en¬ 
gagement  may  r  ,i  be  sufficient.  IXJViatior.c  from  bite  near  ultimate  may  be 
made  intention-  ily;  e.g.,  fire  ..*cy  be  concentrated  on  a  particularly  threat¬ 
ening  target  to  the  neglect  of  certain  other  targets. 


Since  no  single  missile  car  with  certainty  be  relied  on  to  kill 
Its  target  (i.e.,  the  ki.il  probability,  however  high,  is  less  than  unity ) , 
the  ultimate  in  coordination  us  defined  above  could  in  theory  lead  to  a 
battle  of  Infinite  duration,  but  missile  storage  and  duration  of  a  battle 
are  always  finite,  however  great,  arri  so  in  theory  a?»d  often  in  practice  a 
limiting  factor  will  Le  the  numcer  of  missiles  that  car.  be  fired.  The  cus« 
tomary  dcflr.itlcr.  of  perfect  coordination  includes  this  limitation.  The 
definition  is  as  follows: 


Suppose  that,  1C  need  00 ,  '!  missiles  car:  le  launched  against  an 
attack  of  b  targets.  Perfect  coordinatlo..  of  fire  is  said  to  obtain  if 
targets  continue  tv  be  engaged  until  c-'lher  all  t;  targets  are  killed  or  all 
ii  missiles  are  fireu,  the.'"-  being  nr  overkilling. 
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Strict  adherence  to  the  principle  of  no  overkilling  nay  result 
in  a  reduction  in  firepower.  The  reduction,  if  any,  will  depend  on  the 
system  intercept  interval,  on  the  engagement  time,  i.e.,  the  interval  from 
assignment  to  completion  of  assessment,  for  each  engagement,  and  on  the 
number  of  targets  entering  the  ?  ne  of  fire  during  the  battle.  To  illus¬ 
trate,  suppose  that  initially  the  available  targets  are  each  engaged  once, 
in  turn.  If  these  engagements  are  completed  before  the  damage  resulting 
from  any  of  them  has  been  assessed,  then  the  system  mist  await  assessment 
and  so  waste  firing  time  and  hence  lose  some  firepower.  Any  shortening  of 
the  assessment  process  would,  of  course,  reduce  the  time  wasted  and  so  re¬ 
gain  some  at  least  of  the  lost  firepower.  Even  if  no  waste  of  firing  time 
were  to  result,  strict  avoidance  of  overkilling  could  leuu  to  decreased 
firepower;  for  the  assessment  process  itself  may  tie  up  ine  guidance  chan¬ 
nel  for  a  time  following  intercept  and  so  increase  the  engagement  tlM  by 
the  Interval  required  for  assessment,  with  consequent  decrease  in  fire¬ 
power.  Thus ,  some  compromise  between  no  overkilling  and  maximum  firepower 
must  often  be  made. 

In  the  extreme  case,  if  the  time  required  for  assessment  exceeds 
the  duration  of  the  battle,  no  assessment  is  possible  during  the  battle. 
Thus,  no  overkilling  must  imply  at  most  one  engagement  of  each  target. 

Often  added  firing  time  will  remain,  permitting  added  potential  firepower. 
Thl3  added  firepower  will  enhance  effectiveness  even  though  overkilling  nay 
result,  provided  that  every  target  la  engaged  at  least  once.  The  addition¬ 
al  missiles  may  kill  tome  targets  that  would  survive  first  angag— ants.  If 
firing  continues  without  regard  to  overkilling,  than,  ldaally,  tha  beat  that 
can  ba  achieved  In  the  way  of  coordination  of  fire  la  to  engage  all  targets 
the  same  number  of  times.  Since  the  maximum  firepower  will  in  general  not 
be  an  Integral  multiple  of  tha  number  of  targets,  tha  closest  approach  to 
this  Ideal  la  for  soma  targets  to  be  engaged  n  tinea  and  the  xnaalnlng,  n+1 
tinea.  The  number  n  is  the  largest  integer  not  exeeodlng  t!.t  ratio Jf/\. 
where  li  is  the  firepower  and  b  la  the  number  of  targets;  l.o. ,  n  ■  U/M  . 
Whan  this  distribution  of  rise  Ilea  among  targets  obtains,  tha  coordination 
la  said  to  ba  dlacrate  uniform. 

It  is  at  tinea  convenient  for  purposes  of  eenputatlen  to  ignore  tha 
fact  that  only  integral  nunbera  of  niasilea  can  be  fired  at  targets  ant  ao 
to  define  n  by  n  -  il/b  and  to  assune  that  all  targets  are  engaged  n  tinea. 
This  fictitious  case,  wherein  n  la  not  restricted  to  Integral  values,  la  re¬ 
ferred  to  as  continuous  uniform  coordination. 

When  overkilling  cannot  be  prevented  without  a  reduction  in  fire¬ 
power  and  yet  tone  effective  damage  assessment  ean  be  made,  tha  heat  com¬ 
promise  is  not  always  obvious.  Spacing  of  arrival  tinea  botwoon  targets 
nay  bo  such  as  to  permit  excessive  overkilling  of  early  targets  thereby  de¬ 
pleting  the  store  of  ready  missiles  too  rapidly,  to  tha  detriment  of  defense 
effectiveness  against  later  targets.  However,  except  for  this  storage  Un¬ 
it  at  ion,  overkilling  is  preferable  to  a  loss  of  firepower. 


•  H  * 


One  means  l'or  coordinating  fire  that  in  some  slturtlons  will 
achieve  maximum  firepower  and  still  held  overfilling  to  a  minimum  is  cyclic 
coordination.  Each  target  is  engaged  once,  in  turn.  Upon  completion  of 
this  first  cycle,  targets  are  immediately  re-engaged  in  the  same  order,  any 
target  that  is  known  to  be  dead  (i.e.,  hot  been  ao  assessed)  being  omitted 
in  the  second  cycle.  Targets  arc  thus  re-engaged  cyclically,  those  targets 
assessed  as  dead  belns  omitted  from  subsequent  cycles.  In  principle,  cy¬ 
clic  coordination  is  applicable  even  when  there  is  spacing  between  success¬ 
ive  target  arrivals  30  that  not  all  targets  are  in  the  firing  zone  through¬ 
out  the  duration  of  the  battle.  In  this  case,  targets  ere  engaged  In  the 
order  of  their  arrival,  each  cycle  running  through  only  those  targets  in 
the  zone  ol*  / ire  at  the  time. 


Another  means  for  coordinating  fire  la  multiple  battle  uniform 
coordination.  .'£;i  many  ua;  a  it  resembles  cyclic  coordination.  The ' e£j~ 
battle  evolves  as  0  series  of  sub-battles,  each  of  duration  too  brief  tc 
permit  any  useful  damage  assessment  aefore  its  completion.  In  the  first 
sub-battle  11^  miss  lies  are  fired.  the  coordination  being  luilfom  (discrete 
or  continuous).  The  survivors  of  this  sub-battle  then  enter  the  second 
sub-battle  in  which  IU  missiles  arc  fired,  the  coordination  again  being 
uniform.  The  battle  Thus  proceeds  through  tho  full  series  of  sub-buttlcs . 

It  is  assumed  that  the  outcome  of  each  sub-battle  Is  fully  assessed  before 
the  next  sub-battle  takes  place  and  that  all  targets  entering  a  sub-battle 
remain  within  the  zone  of  fire  throughout  that  sub-battle.  These  supposi¬ 
tions  ax's  in  contract  to  cyclic  coordination  wherein  cycles  fall  one  upor. 
another  without  delay  for  assessment,  and  spacing  between  target  arrivals 
is  permissible.  Another  distinction  between  a  sub-battle  and  a  cycle  Is 
that  in  the  former  the  number  of  missilos  find  is  not  limited  to  ono  per 
available  target,  as  is  the  case  in  a  cycle. 

A  serious  obstacle  in  achieving  a  high  level  of  coordination  is 
the  misasalgrment  of  targets  to  SAT!  units.  Because  of  confusion  In  the 
assignment  process  same  targets  may  unintentionally  be  simultaneously  as¬ 
signed  to  two  or  more  SAK  units  with  consequent  overkilling,  while  other 
targets  remain  unengaged.  Miecaslgnmonta  may  occur  whether  the  kill  assess¬ 
ment  function  is  rapid  or  alow.  Ons  can  in  principle  specify  a  best  assign¬ 
ment  pattern  and  then,  through  mlstsalgnment ,  fail  to  realise  this  goal. 
Causes  of  alsassignmont  are  many.  Lack  of  target  resolution  may  prevent 
positive  assignment  of  a  particular  ti-rget  to  a  SAM  unit  for  engagement. 
Surveillance  of  tho  attack  may  indicate  only  that  a  group  of  targets  are 
in  a  region  of  the  sky,  Individual  targets  ir.  the  group  remaining  unresolved. 
Thus,  only  the  group  cm,  bo  assigned  to  a  SAM  unit.  Selection  of  a  single 
target  is  by  a  W.  guldor.ee  channel,  e.g. ,  the  trucking  radar,  in  the  acqui¬ 
sition  phase.  The  selection  may  be  a  chancy  event,  and  which  target  la  se¬ 
lected  may  net  be  it  tow:  at  the  SAM  site.  Thus  s  subsequent  assignment  of 
the  group  to  the  same  or  another  SAM  unit  may  result  in  the  same  target 
being  selected  again. 


Inaccuracies  in  target  position  data  obtained  fro*  the  surveil¬ 
lance  say  result  in  the  wrong  target  being  acquired  by  a  tracking  radar 
following  assignment.  The  tracking  radar  looks  at  the  designated  point 
in  space  but  finds  no  target  there  because  the  position  data  are  In  error. 
Tiie  tracking  radar  then  scans  a  volume  of  space  around  this  point  and  a ay 
wind  up  acquiring  a  target  other  than  the  Intended  one.  Repetition  of  this 
sequence  of  events  following  several  assignments  could  lesd  to  considerable 
confusion  and  alsasslgnaent  of  targets. 


Confusion  between  3AI!  sites  as  to  which  target  la  assigned  to  which 
site  may  arise  froa  data  Inaccuracies  or  communication  errors,  flor  example, 
suppose  a  direction  center  Is  making  assignments  to  two  U AN  sites,  A  and  B. 
The  dl.'ectlon  center  orders  the  tsrgeta  according  to  r-'  -40  or  In  some  other 
manner.  A  Is  assigned  targets  1  and  3,  and  B  Is  assigned  targets  2  and  4. 
But  A  falls  to  see  target  1,  perhaps  due  to  radar  fading,  and  so  according 
to  A  targets  1  and  5  are  precisely  the  targets  B  sees  M  2  and  4.  (see  Fig¬ 
ure  44) 


Targets  ♦  + 
Target  numbers  according  to  a  Q 
Target  numbers  according  to  B  1  £ 


2 


5 


♦ 

o 

Q 


As  a  result  two  of  the  targets  remain  unsngsgad  ant  the  other  two  are  amah 

engaged  twlee. 


Communication  links  between  SAX  site*  may  break  <Men  so  that  omsh 
site  mast  select  Its  own  targets  without  tooulsdge  of  what  target*  are  being 
engaged  by  ether  sites.  Previously  agreed  upon  standard  spanning  press 
dunes  sen  often  reduoe  the  number  of  mlsasslg— ate  that  oeeur  In  thane  air* 
cunstaneest  e.g. ,  site  A  will  engage  targets  an  the  left,  alto  1  am  the 
right.  But  lack  of  information  concerning  what  ether  sites  are  delag  meat 
almost  Inevitably  lead  to  some  mlssaslgmments. 

A  target  may  be  unnecessarily  rassslgmad  to  e  SAX  unit  Hemes  an 
earlier  engages. mt  of  it  was  srronseusly  assessed  as  a*  kill,  when  to  feat 
the  target  was  kllltd,  or  a  live  target  could  steeps  reemgapsmsmt  if  srran- 
eously  sssesssd  as  dead  after  an  earlier  engagement. 

Ccnfuelsn  in  target  assignments  can  sometimes  be  reduced  by  «ne 
means  or  ansther.  The  defense  can  hold  fire  until  targets  appreeeh  else* 
enough  to  be  resolved  or  to  pemlt  mere  accurate  position  data  to  be  ob¬ 
tained.  Tracking  radars  usually  provide  mere  accurate  position  data.  Names, 
fol*  srlng  target  assignment  and  acquisition  by  a  tracking  radar,  but  pre¬ 
ceding  missile  launch,  the  more  accurate  data  from  the  tracking  radar  asm 
be  fad  back  to  the  assignment  venter  and  compared  with  corresponding  data 
on  ether  targets  currently  under  engagement.  If  the  assignment  is  seen  t# 
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be  a  poor  one.  it  car.  -‘..as.  :•*  ca.  ::c '.la  '  a; .0.  _  no*.'  o  so  :.rfu!a.  C*  -unicntion 
errors  can  someti’m.s  n-  elJurJ ..a*  :-<l  rep  laM-v;  irssssges.  An;  .’orta  a*, 
reducing  coni’ll  a  lor.  are  '.’or'.  a;  t  co  V:  ~  im«.  tuxlng .  often  pro.. Ib  I'olvely 
so,  anti  certainly  wit;.  ■;  •nr.cnt.e:.;  re-.ii'.-  io:  i:.  f.'riiioi.er.  "thus  lack  of 
confusion  muss  of.  relfhc'S  ...a  !•  a;  or. 

;he  mis oi'.tiC  .' i roc  tJurl't;  nr.  a.  .v.r..  .  0  distributed  noons  the 


targets  in  u.:; 


.<•/.»  or  the  Intended  assign¬ 


ment  puller::  a.id  •  e.  *.-  ia.:  o.  c. rf:  little  la  kr.oim 

about  these  dlrtfi.’vt- ..  :  .!  r  .  w:  ,  co...\.:.lO'.s  -eii a.'  it  so  often 

does,  ’his  J.gnor'v..''*  h:  c--L-.: :  .»  70  v;-  ..  teordl  'or.  scheme 


that  clearly  c.'..  .v.  .•  :  '•  • : 

apr »:,«.;)s,Iatr  .  >  ra*.%"  :  : 

a.;  iM'idoj.i  coo."’  !..."'  ’ ..  ;■ 

all  targets  r-ci.’v  M.r.  : ••.. 

Is  Vue  assarmtl  n  .  :  ;.  ;;.i 

the  '.af.lv,  1....  .  r.-  a-  1  •  •’ 

t r.othor  s.'Ivrae  .-.or  .  1 

iaxod  Is  oultirl:  .  at  .■ 


o  'iy  .•:  ..  .*  Jr.  a  ray 

.  ■  ...  0  ...i'.Ja'v  it  referred  to 

..*..!  .■  J.  .•  .r.J  ••  :’.sj  y  chance, 

.\.»r.  ,r.iar.il.i.  i*  illicit 

.  ....  :i  .•  .)..i.  if  fire  througnout 
•  .  s  1  ■  r:i  .d  *1'.  .wag  the  hut  tie. 
.•  .  o'..-.  -nsvxi'.  tion  is  re- 

.  is  .ic  fined  ir.  the  same 


*;  that  au.icJf.'.o  ivt;..-  l*uv.l.v.  A"  .••.J.hiod,  o'tcar.1-  that  in 

<»aeh  sno-ba-tia  vo:a  v  ':u. .  or.  •.  ..'h.o. 


A  fine.-,  i/.j  t . :.l  ‘ ti¬ 
ls  the  depth  of  -.'..v  »Js ..  h 

of  successive  o*  i-..*. i  .. .  ;.y .  2  .*  -  .. 
the  target  Is  01.  y., ;od  o..c.  o.aria.  e  is  r.rsr 
necessary,  vhtftvc  is  ... *n ...  :.to.*:scc’. .  o:.e  ;v 
lion  of  depth  that  if  :.  h'.x  .sow..'.  ..s  ..v 
never  greater  s<v.  :•••.  h’a  0  men;.*,  of 
ary  notion  viler* ce. t.  t.r.  •!..»' 
fought.  Corr/s;.:.  tonally  the  avy  for  do 
distance  the  defense  .0.5  j;.c .’I'linl' 

attack,  gradual)..  y».J i .  1  irg  .*.t  -Vri.  oa  •  la. 
suggests  the  defir.J.tloi.  1.1  •!.?.. * l/o:i  av»v 
a  target  can  »•*  eiv,a.;cd  sue r 


-of  coordination  achieved 
L.  .ivfired  no  the  number 
.•.r-.v-  ihr.?  arc  puuoJLle.  Assuming 
■  *  —  .iw  *  U*',y  it  1:  reengaged  If 

It  ii  oioar  froB  the  deflnl- 
t  ;.>sri..U,  the  systett  depth  Is 
distinct  from  the  custom¬ 
er  .*  ov.r  vhlch  the  battle  Is 
is  i.'lth  greater  combat 
•  sc  strike  repsa'-ecly  at  the 
•at  lie  progi  cesos.  ilils  Krguoent 
;  f  :ti's  is  the  number  of  times 
'••o-  o5. 5«*r,'e  shoot  basis. 


Clearly  d  jjf.ii 

(missile  range  and  scocd,  -r. 
attack  charuc  ter. lc*.  e ;  1  .**',.*. 
depth  of  a  z.  s 
be  compensate*!  for  *y  t.kr;.l . ; 
accepting  the  r;tv.?.  ai.t 
mlssile3  e/.pWrttod ,  *:s  Jr. 
elder  tiro  .1.'.::  srsl-rtr. .  ■*.*■ 
rj.  .jui.posd  Lhrf.  fw\. i  . 
of  1  age  Inst  the  11.  tv::  •  L.  .1, 
lng  target  ;.  U  r.e  .•>  .*:••.•  .•  • 
it  survives  . .  a  ■«•*.  «...  .•* 
survives  to  i--; c'-.kc 


u  ..-.c  oi.lv  •;  ek-irai;  .or. '.sties  of  tlie  .'VAH  system 
V.  »«Va*  «»  wiv.  time)  but  also  on 

t  .v.-uti  i;.;i  Jl'xs  one  rust  speak  of 


•;  ;:;oc  •  '.’ie  r.i  u.ck  of  depth  can  of  course 

::.<;'--ve..y  :'iri  ;g  ar.ougl.  r is; lias  nt  each  target, 

.  ii: .  .!:•.»  iii..*iv.  tor.  he  very  costly  in 
it*  .\v;  ...  .ifivia.*.  «;.unple  ahot;s .  Con- 

ing  ti'.svi.’.i' ;  ha"i:H;  a  1.111  probcbilicy  01 
!•  i-a.;  r  to;  th  •»f  •  :  ;.-l  .".A. I  sjstea  3  has  a  depth 
.;.. '  Jo;  .  A. a.  ;»  .“.rot  and  ouch  succeed- 

: }<.  :.sr.  . J  !..  s::.v. ' .hr'.,  a  second,  ani,  If 
sv  .  ic  :•.*  .uvil.1. .ha*.  or.e  target 
■.o:.  .  •  -A  . r  , ,  ;  h.  ;.r  ;ill:J.ilty  that  It 
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is  killed  before  bomb  release  is  .97.  T^e  number  of  mlcsiles  fired  per 
target  is  on  the  average  1+.5+.5' +.>*+•  5*'  **  1.9^.  .System  B,  to  achieve 
the  same  effectiveness  per  target,  i.e.,  .97  probability  of  kill  before 
bomb  release,  aunt  fire  t>  missiles  at  each  target,  thus  expending  about 
two  and  one-half  times  as  many  missiles  as  Astern  A. 

Since  all  SAM  systems  are.  in  principle  at  least,  list ‘ted  In  their 
depth,  it  is  of  interest  to  consider  a  means  of  coordination  known  as  con¬ 
strained  perfect  coordination.  Constrained  perfect  coordination  is  defined 
precisely  as  perfect  coordination  with  the  one  added  restriction  that  no 
target  can  be  engaged  more  than  a  specified  number  of  tlc.es  ;a  (m  being  the 
depth  of  ‘.hr  JAM  system  against  the  attack  in  question). 


C.  Derivations  of  Formulas 


'fhe  various  levels  of  coordination  defined  above  derive  their  Im¬ 
portance  in  part  from  the  fact  that  they  admit  the  derivation  of  relatively 
simple  formulas  for  certain  useful  measures  of  effectiveness,  in  the  fol¬ 
lowing  sections  these  formulas  ’.  ill  be  derived.  'The  measures  of  effective¬ 
ness  considered  are  1)  the  probability  that  exactly  k  targets  are  killed, 

£)  the  probability  that  all  targets  are  killed,  i.e.,  annihilation  proba¬ 
bility,  and  5)  the  expected  number  of  targets  killed.  The  merits  and  uses 
of  these  measures  of  effectiveness  will  be  discussed  in  Chapter  VII;  their 
consideration  here  will  be  limited  to  the  derivation  of  formulas. 

Before  proceeding  with  ti.  derivations,  it  uill  be  helpful  to  list 
here  certain  symbols  to  be  used. 

fc  number  of  attacking  targets 

1!  maximum  firepower  -  for  entire  battle 

p  single  engagement  kill  probability 

<1  single  engagement  survival  probability  (q  *  1-p) 

Pj,  probability  that  exactly  k  targets  are  killed  (0*k*b) 

Qj  probability  that  exactly  j  targets  survive  (OaaJ*b) 

S  expected  number  of  kills 

In  a  single  engagement  of  a  target  by  a  SAM  unit,  »  single  missile  or  a 
salvo  of  two  or  more  missiles  may  be  fired.  In  the  following  derivations 
p  denotes  the  probability  that  the  target  will  be  killed  as  s  consequence 
of  the  engagement,  whatever  the  sulvo  sis*  may  be. 

Perfect  coordination 


under  the  assumption  of  perfect  coordination,  if  k  targets  ore 
killed,  where  k**u,  then  ail  i;  missiles  must  have  been  fired,  bine*  no 
ov' .’killing  is  pemitted,  k  of  the  missiles  must  have  produced  kills,  and 


the  remaining  N-k  must  have  failed.  For  any  one  selection  of  k  missiles, 
the  probability  that  they  all  produce  kills  is  p*.  and  similarly  the  prob 
ability  that  the  remaining  N-k  missiles  all  fail  is  q"  .  Hence  the  prob 
ability  that  the., two  independent  events  occur  simultaneously  is  p*cq""K, 
Since  there  are{£)  ways  of  selecting  the  k  missiles,  the  probability  of 
exactly  k  kills  is 

Pk  -  (J)pV‘k  .  0*k*b-l 

If  on  the  other  hand,  ill  b  target3  are  killed,  U-'  number  of 
missiles  fire*  may  be  any  number  between  b  and  N,  inclusive,  i.e.,  the 
battle  may  end  before  all  N  missiles  are  fired.  Thus  setting  k  equal  to 
b  in  the  above  formula  will  not  suffice.  But  since  the  only  possible  out 
comes  of  the  battle  are  k  kills ,  where  k-0 ,  1 ,  ,  b ,  it  follows  that 

b 

I 

k-0 

and  so  the  probability  of  killing  all  b  targets  is 

b-1 

r* 

•  1  -  1  Fk 

k-0 


Substituting  for  from  above 

I.fk  (?)  pV* ♦ * £  (£)  iV* 

k-0  k-b 
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u-  /H%  k  Wn  K-l  k-1 
K  Ijj)  P  a  Np  P 


and  so,  letting  k  >  1  t  1,  ue  have 
b-2 


e  =  «p  Y,  I”!1)  pV"1"1  + b  £  <£)  pV'k 

1=0  k-b 


The  two  su-matlons  are  partial  binomial  sus3,  tabulated  values  of  which 
are  available  in  the  literature.  To  facilitate  uue  of  tables,  it  is- con¬ 
venient  to  write 

E  *  Mp  -  lip  |  £  |Y)  PV-)  +  b|  Y,  (k>  pV'k)  • 

Note  that  by  definition  the  expected  number  cf  survivors  is  b-E, 
whatever  the  coordination  may  be. 

Discrete  Uniform  Coordination 

By  definition  of  discrete  uniform  coordination  a  number  b*  of  the 
targets  will  be  engaged  by  n  -  [N/bj  missiles,  and  the  remaining  b"  *  b  -  b» 
targets  will  be  engaged  by  n+1  missiles.  Assuming  the  outcomes  of  individual 
engagements  are  independent,  the  probability  that  a  particular  one  of  the  b' 
targets  will  survive  is  qn,  and  the  probability  that  it  will  be  killed  is 
1  -  qn.  The  survival  and  kill  probabilities  for  any  one  of  the  b"  targets 
are  qn+1  and  1  -  qn+1  respectively. 

The  battle  may  end  with  exactly  k  targets  being  killed,  the  kills 
being  divided  between  the  two  groups  of  targets  in  any  of  several  ways;  l.e., 
k*  kills  out  of  tne  first  group,  and  k"  *  k-k*  kills  out  of  tha  second. 


The  probability  thgf  a  particular  selection  of  k*  out  of  the  b‘  tar¬ 
gets  ar^kljied  is  (1  -  qn)  ,  and  that  the  remaining  b'  -  k'  targets  survive 

is  (qn)  There  being  (£»}  ways  of  selecting  the  k>  targets,  the  prob¬ 

ability  of  exactly  k>  kills  from  among  the  b*  targets  is  then 


b*-k> 


(qn) 


In  like  manner,  the  probability  of  exactly  k*  kills  from  among  the  remaining 
fc*  targets  is 
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U-qn+1)k  (qn+1 


b"-k" 

) 


The  probability  of  these  two  Independent  events  (exactly  k*  kills  out-  of 
b»  targets  and  k"  kills  out  of  b"  targets)  occurring  simultaneously  is 
the  product  of  tnt  two  expressions  given  above.  To  obtain  the  probability 
of  exactly  k  kills  in  all,  the  above  product  must  be  summed  over  ^11  ad¬ 
missible  combinations  of  k'  and  k";  giving 


k'+k"=k 

0*k's6b« 

0*k"*:b" 


U-qn) 


k» 


(qn) 


b‘-k' 


IS)  <>-« 


n+l 


k" 


(qn+1) 


b“-k" 


The  restrictions  k'srb‘,  k"a=bH  can  be  ignored,  since  the  corresponding  bi¬ 
nomial  coefficients  vanish  when  the  restrictions  are  violated,  and  so  con¬ 
tribute  nothing  to  the  sum. 

The  probability  of  killing  all  b  targets  is  readily  obtained  from 
the  preceding  formula  by  setting  k  equal  to  b,  and  so  k'  «  b>,  k"  *  b", 
giving , 

b'  .  b" 

Ps  =  (l-qn)  U-qn+1) 

To  obtain  an  expression  for  expected  number  of  kills  E,  consider 
b  random  variables. 


V  V  •***  V'  V+l’  V+2'  ***'  *b'+b,: 

x  ■ ;  vf  '•  •  •' 

corresponding  to  the  b  targets.  Each  of  the  first  b'  variables  has  the 
value  1  (corresponding  to  the  target  kill)  with  probability  l-qn,  and  has 
the  value  0  ( corresponding  to  no  target  kill)  with  probability  q  .  Sim¬ 
ilarly  each  of  the  next  b"  variables  has  the  value  1  with  probability 
l-qn  ,  and  value  0  with  probability  qn  .  The  expected  value  (i.e.,  the 
expected  number  of  kills  per  target)  of  each  of  the  first  b*  random  var¬ 
iables  is 


1  •  ( l-qn)  +  0  .  q11  »  1  -  qn 
and  of  each  of  the  next  b"  random  variables  is 
1  .  (1-q  )  +  0  .  q  -  1-q 

Since  the  expected  value  of  the  sum  of  the  random  variables  is  the  sum  of 
their  individual  expected  values,  we  have 
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b'  b'+b" 

(l-qn)  +  Y, 

0  b'+l 

=  b'  (l-qn)  +  b"  (l-qn+1) 

Continuous  Uniform  Coordination 

By  definition,  every  target  Is  engaged  bylj/b  missiles,  so  the 
probability  that  any  one  target  will  survive  is  q"'®,  and  the  probability 
that  it  will  be  killed  is  l-q1*'®.  Hence  the  probability  that  exactly  k 
targets  are  killed  is  readily  obtained  by  setting  b’*b,  b"-0  in  the  cor* 
responding  derivation  for  discrete  uniform  coordination.  We  then  have 

rk  - ( J)  a-«iN/b)fc  (qH/b)'”'C  • 

Similarly  the  probability  of  killing  all  b  targets  is 


P 


b 


b 

) 


and  the  expected  number  of  kills  is 

E  »  b(l-qN//b) 

Random  Coordination 

Under  the  assumption  of  random  coordination,  the  probability  that 
a  specified  target  is  among  the  survivors  of  a  single  nlssixe  is  the  prob¬ 
ability  that  the  target  is  not  selected  plus  the  probability  that  it  la 
selected  but  is  not  killed,  l.e.,  is 


The  probability  that  the  target  is  among  the  survivors  of  N  missiles  is 
then 


Since  all  target-missile  pair'  igs  are  ass"r  id  equally  likely,  the  above 
probability  applies  to  any  specified  tart  c. 

Similarly  the  probability  that  J  specified  targets  are  among  the 
survivors  of  a  single  missile  is  the  probability  that  none  of  the  J  targets 
is  selected  plus  the  probability  that  the  first  is  selected  but  not  killed, 
plus  the  probability  that  the  second  is  selected  but  not  killed,  plus  the 
corresponding  probability  for  each  of  the  others,  l.e.,  is 
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5ii  +  a  +  a  + 

b  b  b 


.The  probability  that  the  ,)  targets  are  among  the  survivors  of  N  missiles 
is  then  „ 

<> ■  K  • 

Again,  this  probability  applies  to  any  specif led  set  of  J  targets. 

For  each  set  of  targets  that  Includes  J  specified  targets,  there 
13  a  probability  that  precisely  the  targets  of  that  entire  set,  and  no 
others,  survive.  The  sum  of  these  probabilities  is  the  probability  that 
the  J  specified  targets  are  among  the  survivors.  Furthermore,  for  all  sets 
of  the  same  size  J+i,  there  being  ("][«)  such  sets,  the  probabilities  are 
all  equal  to  the  probability  n j+^  that  any  j+1  specified  targets  will  sur¬ 
vive,  since  all  target-missile  pairings  are  equally  likely.  Hence  the  above 
sum  can  be  written  as 


Equating  the  two  expressions  for  the  probability  that  the  J  targets 
are  among  the  survivors,  we  have,  for  successive  values  of  J: 


N 


(i  -  |)  ^  +  (bi1)«a  +  ...  +  ( +  ...  +  (j4k-i)nj+fc  +  ...  +  % 


,b«l 


b-1 


U- Pi  ¬ 
ll  - 


,b-2 


b-2 


2  +  ...  +  (j.gjitj  +  ...  +  ( J+k-2^nj4ic  +  •**  +  Kb 
+  ...  +  (b£J)  «J+k  +  ...  +  «b 


(1  -  p) 


N 


To  solve  for  n , ,  multiply  the  {j+i)th  equation  by  (»l)*(bj^J  for 
each  i«0,  1,  ...,  b-j.  JThe  multiplier  of  the  jth  equation  is  then  ("q*}*1, 
the  multiplier  of  the  (J+1) st  equation  is  -( “J**),  the  multiplier  of  the 
(J+2)nd  equation  is  ("jjJ) .  and  so  on.  Add  together  these  modified  equations, 
starting  with  the  jth  equation.  The  left  hand  side  of  this  sum  is 


!  b 
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The  right  hand  side  of  this  sum  consists  of  x*,  plus  the  sum  of 
teres  involving  n,+1,  plus  the  sum  of  terms  involving  J  *j+2#  end  so  on. 
The  sum  of  terms  Involving  x1+lf  for  each  k*l  is  simply  Xjm.  multiplied 
by  a  coefficient,  the  coefficient  being 


»  0  ^ 

Hence  the  right  hand  side  reduces  to  *y  We  then  have 

uo 

as  the  probability  that  a  specified  set  of  i  targets  survive. 

There  being  (j)  distinct  ways  of  selecting  J  targets  froei  a  total 
of  b,  the  probability  Qj  of  exactly  J  survivors  is 

-  (J)  £  (-D1(bIJHl  - 
1-0 
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The  probability  that  exactly  k  t&rgsts  are  killed  is  of  course 
the  probability  that  exactly  b-k  targets  survive.  Thus,  substituting  b-k 
for  j  in  the  preceding  equations,  ue  have 


pk  "  S»-k 


H 


The  probability  that  all  b  targets  are  killed  is  readily  obtained 
from  the  above  expression  for  P^.  Setting  k  equal  to  b,  we  have 


Hi 


N 


An  e ..salon  for  the  expected  number  of  kills  is  easily  derived 
by  the  procedure  jsed  in  the  case  of  discrete  unifora  coordination.  Con¬ 
sider  b  rondo®  variables  .t,.  x~,  ,  xb,  each  having  value  1  (target  kill) 

with  probability  1  -  (1-p/b)1  and  value  0  (no  target  kill)  with  probability 
(1-p/b)  .  The  expected  value  of  each  random  variable  is  then 

1  *  Jl  •  ( 1-p/b )^J  +  o  •  (1-p/b)11  »  1  -  (1-p/b)11 
and  their  sun,  the  expected  number  of  kills,  is 

E  -  b  [l  -  (1-pA)n] 

The  expressions  for  and  P-0  derived  above  are  indeed  ungainly 
for  hand  coeiputatlon.  It  is  therefore  helpful  to  replace  the*  with  approx¬ 
imations  that  are  more  manageable.  Since 

(1  .  ft)  »  u  .  E)° 


if  p/b  is  small,  we  can  write 

Pk  •-*  (fc)  £  |)(b“k+1,N 

1-0 


i 

k 
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and  similarly 

pt-  [i  -  a  -  |i "j  ‘ 

Another  approximation  that  is  often  useful  follows  'rom 
1  .  «E  w  . 


Making  chls  substitution,  we  can  write 


Under  the  definition  of  multiple  battle  coordination,  whether 
uniform  or  random,  each  sub-battle  is  concluded  and  Its  outcome  known  (at 
least  to  the  "referee",  if  not  to  the  defending  commander)  before  the  next 
battle  commences.  In  particular  the  number  of  targets  that  survive  one 
sub-bsttlo  and  so  enter  the  next  is  known  to  the  "referee'.  Therefore  gen¬ 
eral  formulas  can  be  derived,  ^(dependent  of  the  coordination  obtaining  in 
each  sub-battle.  Indeed  mixtures  am^dmlsalble,- sendee  in  one  sub-battle 
and  uniform  in  another. 

To  simplify  the  discussion,  consider  first  the  ease  of  two  sub¬ 
battles.  If  J  targets  are  to  survive  the  second  of  these,  at 'least  J  tar¬ 
gets  must  survive  the  first  and  the  difference  must  be  killed  off  in  the 
second.  Therefore  the  probability  that  exactly  )  targets  survive  the  en¬ 
tire  battle  Is  the  probability  that  exactly  m*J  targets  survive  the  first 
sub-battle,  multiplied  by  the  probability  that  if  m  targets  enter  the  sec¬ 
ond  sub-battle  exactly  J  will  survive,  and  summed  over  all  m  from  )  to  b. 

bet  QJm.i)  denote  the  probability  that  if  m  targets  enter  the 
1-th  sub-battle,  exactly  n  will  survive.  The  appropriate  formula  for  &Jm,l) 
is  determined  by  the  coordination  obtaining  in  the  1-th  battle.  The  prob¬ 
ability  that  exactly  J  targets  survive  the  entire  battle  can  be  written  as 

b 

«j  ■  T  v*-1’ 

n«j 
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If  the  BUltiplicity  of  sub-battles  Is  three,  the  probability  Q. 

Is  given  by  J 

b  m 

qj  *  Z  v'D'i}  Z  vm*2)  vr*,3) 

m*J  n*J 

The  extension  to  higher  multiplicities  Is  clear. 

The  probability  that  exactly  k  targets  ore  killed  the  entire 
battle  Is  gxv.n  by 

Pk  =  %-k 

and  is  obtained  by  setting  j  «  b-i:  In  the  appropriate  formula  above. 

The  probability  that  all  b  bombers  ax*e  killed  Is  derived  directly 
by  placing  k*b  in  the  exprsitior.  for  P., . 

iw 

The  expected  number  of  kills  is,  Ly  definition 


b 


k-0 


Even  for  two  battle  continuous  uniform  coordination  the  above  for¬ 
mulas  are  not  particularly  attractive  for  hand  computation;  when  the  multi¬ 
plicity  Is  higher  or  when  random  or  discrete  uniform  coordination  occur  in 
a  sub-battle,  the  calculations  become  even  more  laborious.  An  approximate 
calculation  which  is  sometimes  satisfactory  Is  to  compute  the  expected  num¬ 
ber  of  survivors  of  the  first  sub-battle,  o-s^,  using  the  formula  appropri¬ 
ate  to  the  coordination  obtaining.  Then,  assuming  that  precisely  b,  ■  b  •  ^ 
targets  enter  the  second  sub-battle,  again  compute  the  expected  number  of 
survivors  bg  *  to],  -  Kg.  Proceed  in  thi3  manner  up  to  the  last  sub-battle. 
Hare  compute  the  desired  measure  of  effectiveness  (e.g. ,  Pk,  Pv,  or  B).  Great 
caution  should  be  exercised  when  using  this  procedure,  especially  when  Pjj  or 
Pjj  are  the  desired  measures,  since  the  approximation  may  Introduce  serious 
errors. 


Constrained  Perfect  Coordination 


In  this  section  a  formula  for  annihilation  probability  will  be  de¬ 
rived.  If,  under  the  restrictions  of  constrained  perfect  coordination,  all 
b  targets  are  killed,  the  number  of  missiles  fired  may'  bo  any  number  between 
b  and  II,  inclusive.  Furthermore ,  since  the  number  of  engagements  per  target 
cannot  exceed  the  depth  m,  i.k-  inicimum  firepower  li  canuoc  exceed  mb.  For  any 
particular  distribution  of  Missile*:  among  b  targets.  If  b  kills  result, 
exactly  b  missiles  must  pro-Jueo  kills,  and  tho  remaining  k-b  missiles  must 


b  k*b 

fall.  Tha  probability  of  ouch  oecurroncti  la  p  q  .  Ut  Lv  denote 
the  number  of  possible  distributions  (as  permitted  by  the  depth  'constraint ) 
of  k  missiles  aeong  b  targets.  The  probability  that  all  b  targets  are 
killed  Is  then 


P>‘I 


k.b.i 


AM 
p  q 


k-b 


There  reasins  the  task  of  deriving  an  expression  for  the  coefflelant 
v  ..  1i  this  end,  for  a  particular  distribution,  let  n.  denote  the  nea¬ 
ter  if  alsslles  fired  at  the  i-th  target,  ihen  C.  .  _  is  the  nuaber  of  la* 
tegral  solutions  to  the  equation  *  ** 

°1  ♦  ng  +  ...  +  «  k 

subject  to  the  constraints 

l®n4®n  i  f— 1 ,  2.  ....  b 
Consider  the  polynoalal 

2  5  ■  ** 

F(x)  ■  (x  ♦  x  ♦  xJ  ♦  ...  ♦  xr) 

»  (x  ♦  x2  ♦  ...  +  x*)(x  ♦  x2  ♦  ...  ♦  x*)...(x  ♦  x2  ♦"...  4- 


b  factors  la  all 

»i  Da  SW 

The  expansion  of  this  product  is~a  was  of  teras  of  the  fora  x  x  x  , 
where  x  1  la  one  of  the  teras  la  the  first  polynoalal  factor  above,  x^*  Is 
one  of  the  terns  la  the  second  polynoalal.  ate.  Thus  1  n«  a.  l>l»2....b, 
and  the  sue  Is  over  ell  terae  satisfying  these  conditions,  we  nay  writs 


P(x) 


X  *  ... 


I 

l*n4*n 

V*  xnl  +  "g  +  .  •  •  ♦  "b 

lJRTVa 


These  terns  can  be  divided  Into  groups,  those  terns  for  which 
"i  +n2  ♦  ...  »  k 

V 

being  grouped  together.  The  sun  of  terns  in  any  one  group  Is  then  b  x  . 
Sunning  over  all  groups,  ’  * 


MB  MM* 


nb 


(16) 


PW-I  w** 

k-b 


Returning  to  the  definition  of  F(x),  we  have 

b 


F(x) 


h— -i 


xb(l-xf°(l-xu) 


Bat 
end  so 


-  *fz  {*i)(i)i  A  f  z  j"j| 

l.i-0  J  l  J»  a  J 

r$)  ■  {-nV+i'l> 

f(xj  -  xb  y  x1  J„(5h.dj  ** 


a 


Z  (b+i*lH$)(«i)* 


0*1 

0«J*> 

Grouping  terns  for  which  b+l-mj  »  k,  we  have 

Bb 

(17)  :-’(x)  -  £ 


k«b 


£  (b+i'l)(5)t-i)J 


b+i-naj-k 

0*1, J 


Equating  like  coefficients  in  equations  (16)  snd  (17),  we  have 


k,b,« 


£  (b+i”1)(3)(-i)J 


b+i-wj-k 

0*i,J 


-  no  - 


Clearly  the  coefficients  C.  .  and  so  the  formula  for  Pb,  are 
not  well  suited  for  rapid  calculatiod.  in  the  special  cases  for  depths 
m-1  and  2,  such  simpler  expressions  can  be  derived  for  P..  Since  the  ef¬ 
fect  of  the  depth  constraint  is  no»t  stringent  tor  snail  a,  these  special  cases  are 
cases  are  of  particular  Interest.  Indeed,  If  the  kill  probability  is 
reasonably  high,  the  depth  constraint  is  negligible  for  depth  of  3  or  more. 


Clearly  if  the  depth  n»l,  then  constrained  perfect  coordination  is 
identical  to  discrete  uniform  coordination,  with  11  targets  each  receiving 
one  shot  and  th:  remaining  b-li  receiving  none.  Thu* 


if  ::»b 
if  ii«b 


If  the  depth  a-2,  end  i:  is  not  less  than  b,  so  annihilation  of 
all  targets  is  possible,  the  firing  can  be  thought  of  as  occurring  in  two 
rounds.  In  the  first  round  each  target  is  engaged  once,  ant  in  the  second 
round  each  first  round  nurvlv.-.  is  engaged  once  again.  Of  course,  if  the 
first  round  si1.'  T3  outnumber  tire  remaining  available  firepower,  not  all 
targets  can  bn  '  i  eJ. 


Let  J  denote  the  number  of  first  round  survive re.  Nr  any  one 
set  of  J  targets,  the  probability  that  they  all  survive  is  qJ,  and  that 
the  remaining  b-J  targets  all  art  killed  is  p*"J.  <310*0  being  rt)  distinct 
seta  of  J  targets,  the  probability  that  exactly  }  targets  survive  the  first 
.round  fire  le 


(j)  p"*4  . 

In  order  that  all  targets  be  killed,,  fash  of  the  J  first  round 
survivors  must  be  killed  in  the  second  round:'  The  probability  of  this  event 
la  p*,  and  the  total  number  of  engagements  in  the  two  rounds  of  fire  is  b+J, 
which  cannot  exceed  V.  Given  b+J  engagements,  amd  so  J  first  round  survi¬ 
vors,  the  probability  that  mil  b  targets  are  killed  is 


(J,  J>  J 


p  q 


Thus  the  annihilation  probability  is 


($>  Pb 


which,  to  facilitate  uee  of  binomial  sum  tables,  can  be  written 

lb  I’  '  ,b'  *  -  V*  I  1  I*’*  1 

I  It Tqi  J 


pfe »  (pw) 


wiihi  mm  m  i  mm  erne 

[*-  t  «5> 

[  J-Vb+1  J 


Clearly,  Pb  »  0  if  Il«b, 


-  Ill  - 


CHAPTER  VI 


Simulation 


A.  Firing  Doctrine 

In  the  course  oi*  on  air  battle,  targets  are  assigned  to  SIC’  units 
according  to  some  definable  procedure,  formal  or  otherwise ,  called  a  £i£&M 
doctrine.  A  firing  doctrliv-  may  consist  of  a  well  thought  out  3%  vfAlISa 
Intended  to  uisure  a  high  level  of  coordination.  Or  u  flri...  uocti  vmy 
be  a  poorly  oc  icelved  set  of  rules ,  giving  rise  to  unncc..-.isu: *  waste  oil* 
siles  in  overkilling.  it  may  dictate  that,  lr.  the  and.  assignment  iccomaa 
a  chance  event  not  under  the  eoituse  cuuaonder'u  •-unirol ,  groups  tccausv  ha 
may  lac!:  sufficient  information  to  ••emit  him  to  moke  a  precise  mlgnwnt. 
Whether  good  or  bad,  Tally  determined  or  random ,  a  firing  doctrine  is  a  def¬ 
inite  process  that  admits  detailed  descrij  tion. 

The  choice  of  firing  duevrinc  for  a  particular  defense,  operating 
In  a  particular  environment  against  a  particular  attack,  is  limited  toy  the 
capabilities  of  equipment  and  of  operating  pcraonnel.  Can  the  sensing  equip** 
ment  provide  accurate  up-to-date  target  data?  Can  the  communications  links 
carry  the  required  load  without  error?  Arc  operating  personnel  trained  to 
perform  as  required?  Within  the  limits  Imposed  by  the  answers  to  theae  ques¬ 
tions,  the  choice  of  firing  doctrine  13  an  exercise  of  the  command  function; 
the  doctrine  may  be  laid  down  lr.  all  detail  lr.  advance  or  it  mey  be  devised 
as  the  battle  progresses. 

The  essential  features  of  the  assignment  process  can  be  brought  out 
by  considering  two  illustrative  firing  doctrlnoe.  The  first  of  those  consists 
of  assigning  to  a  free  SAM  unit  the  nearoat  currently  least  er„iged  target  not 
known  to  be  dead.  If  at  the  moment  there  are  unengaged  live  targets,  the  near¬ 
est  of  theae  Is  assigned.  If  all  live  targets  are  currently  being  engaged, 
those  undergoing  but  one  engagement  arc  singled  out  and  the  nearest  of  these 
Is  assigned,  and  so  on.  The  other  doctrine  consists  of  making  a  random  aelee- 
tion  of  a  target  from  among  those  currently  It:  the  firing  sone  and  still  air¬ 
borne.  Both  of  these  firing  doctrines,  and  most  other  doctrines,  aim  charac¬ 
terised  by  the  fact  that  only  certain  targets  are  eligible  for  assignment 
(those  not  known  dead,  uithlr.  range,  and  least  engaged  In  the  first  doctrine, 
those  airborne  and  within  range  In  the  second) ;  one  target  is  then  selected 
from  among  the  eliglblcs  (the  ncerest  in  the  first  doctrine,  a  random  choice 
In  the  second).  Thu  a  a  firing  doctrine  may  bo  defined  by  specifying  the  cri¬ 
teria  for  eligibility  and  for  selection.  The  criteria  must,  of  course,  be 
specified  In  unambiguous  detail;  for  example,  in  the  first  of  the  two  doctrines 
stated  above,  "nearest"  must  be  defined  precisely. 

B.  Firing  Doctrine  In  Relation  to  Coordination 

Many  of  the  veil  defined  coordination  schemes  of  Chapter  V  can  arise 
from  any  of  a  variety  of  firing  doctrines.  Perfect  coordination  can  be  ef¬ 
fected  by  engaging  and  re-engaging  the  first  target  until  It  is  killed,  then 
engaging  and  re-engaging  a  second  target  until  it  is  killed,  and  i»o  on.  Al¬ 
ternatively,  perfect  coordination  will  result  if  each  target  io  engaged  once, 
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then  each#nece*sarily  observed,  survivor  Is  engaged  a  second  tine,  and  so 
on.  The  coordination  of  fire  will  be  uniform  If  the  first  target  is  en¬ 
gaged  n  times,  then  the  second  target  la  engaged  n  times  *  and  so  on,  or 
equally  well,  aver y  target  Is  engaged  once,  then  every  target  la  engaged 
a  second  time,  and  so  on.  Many  other  possible  doctrines  can  be  laid  down 
which  will  also  result  In  perfect  or  uniform  coordination. 

Often  none  of  the  firing  doctrines  leading  to  any  of  the  coordlna-  _  . 
tion  schemes  of  Chapter  7  will  be  applicable  to  the  SAM  system  being  con¬ 
sidered.  Limitations  imposed  by  the  capabilities  of  equipment  tnd/or  of 
personnel  will  preclude  the  use  of  such  doetrlnes,  or  even  If  such  a  doctrine 
could  be  employed,  another  doctrine  not  leading  to  a  neatly  definable  coor¬ 
dination  scheme  might  appear  preferable. 

Sven  if  a  firing  doctrine  which  would  give  rise  to  a  coordination 
scheme  of  Chapter  V  were  applicable  and  appeared  desirable,  the  use  of  any 
of  the  corresponding  formulas  for  measures  of  effectiveness ,  derived  In  Chap¬ 
ter  V,  presents  serious  difficulties.  The  formulas  require  estimates  of  both 
firepower  end  kill  probability.  Firepower  may  depend,  among  other  things,  on 
the  distribution  of  Intercept  ranges ,  which  In  turn  may  be  governed  by  the 
order  In  which  targets  arm  engaged,  i.e. ,  by  the  firing  doctrine  used.  Thus 
the  average  kill  probability  for  all  engagements  may  depend  on  the  distribution 
of  Intercept  ranges  or  on  the  as  tent  to  which  formations  are  broken  up  early 
In  the  battle,  or  both.  For  reasons  such  as  these  the  proper  values  of  fire¬ 
power  ll  end  the  kill  probability  p  to  be  used  In  a  formula  may  not  be  readily 
calculable.  Indeed  the  firepower  calculations  of  Chapter  17  were  baaed  an 
specific  firing  doetrlnes  in  which  no  target  was  engaged  more  then  cnee;  such 
doctrines  are  quite  different  from  any  that  are  applicable  In  Chapter  V. 

One  or  another  of  the  font  \e  of  Chapter  V  has  been  used  In  each  of 
a  good  many  studies  In  the  past.  In  using  any  of  the  formulas  the  implied 
assumption  is  not  that  the  firing  doctrine  presumed  to  be  In  fores  would  give 
rise  to  that  particular  coordination  scheme.  Mather  it  would  lead  to  a  value 
of  the  measure  of  effectiveness  about  equal  to  that  which  the  formula  provldaa. 
Many  of  the  difficulties  In  estimating  suitable  values  of  firepower  end  kill 
probability  to  bo  usod  In  the  formula  arm  usually  Ignored}  e.g. ,  firepower  may 
be  calculated  by  a  method  of  Chapter  17,  booed  on  a  firing  doctrine  Inconsis¬ 
tent  with  the  coordination  scheme  assumed.  In  many  cases,  where  one  or  another 
of  the  formulae  la  used,  the  choice  of  coordination  schema  does  not  rest  on 
any  very  solid  foundation,  rather  It  la  primarily  an  Intuitive  guess  or  a 
choice  of  convenience. 

C.  Monte  Carlo  Method 

Zt  la  evident  from  the  discussion  thus  far  that  the  tactical  analyst 
needs  an  alternative  means  for  computing  SAM  system  effectiveness,  a  means 
that  la  applicable  to  any  firing  doctrine.  An  alternative  method  for  comput¬ 
ing  effectiveness  does  exist,  employing  simulation  of  the  air  battle.  A  sim¬ 
plified  model  of  the  air  battle  is  designed,  to  include  all  essential  features 
of  the  sir  battle.  The  air  battle  model  it  then  used  to  calculate  e  measure 
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of  the  effectiveness  of  the  defense.  Such  use  of  a  simplified  aodel  of  a 
part  of  the  real  world  to  investigate  phenomena  of  the  real  world  Is  a  cotton 
practice  in  many  fields  of  science. 

But  how  can  an  air  battle  model,  incorporating  firing  doctrine,  be 
used  to  calculate  a  measure  of  effectiveness?  In  the  course  of  art  air  battle 
a  wide  variety  of  random  events  occur,  each  with  its  associated  probability 
of  occurrence.  A  variety  of  different  outcomes  of  the  battle  are  possible, 
each  having  its  associated  probability  of  occurrence.  The  probability  of  a 
particular  outcome  1c  defined  as  the  limit  of  the  ratio  of  r.u...oer  of  battles 
naving  this  outcome  to  the  total  number  of  battles,  as  the  total  number-  of 
battles  becomes  infinite.  An  estimate  of  this  limit  is  given  by  the  ratio 
of  number  of  particular  outcomes  to  total  number  of  battles  in  a  finite  sample. 
As  the  size  of  the  sample  is  increased,  so  the  estimate  is  improved.  Using 
the  aodel,  the  outcome  of  a  single  battle  that  includes  a  sequence  of  random 
events  can  be  determined  by  ascertaining  the  outcome  of  each  random  event  from 
a  throw  of  a  die.  For  example,  suppose  that  the  probability  of  kill  for  a 
particular  missile  fired  at  a  particular  target  is  tuo-thirdi.  Let  a  die  be ' 
thrown;  if  a  1,  2,  3,  or  4  turns  up,  let  the  target  be  killed,  and  if  a  3  or 
6  turns  up,  let  the  target  survive.  By  successive  application  of  thl*  pro* 
cess  to  each  random  event  in  turn  the  outcome  of  the  model  battle  can  be  do* 
termlned,  and  by  repeatedly  fighting  the  model  battle  In  this  way  for  a  suf¬ 
ficient  number  of  t imet ,  a  satisfactory  estimate  of  the  probability  of  a  par¬ 
ticular  outcome  Is  obtained.  This  procedure  for  calculating  the  probability 
of  a'  particular  outcome  is  commonly  referred  to  as  the  Monte  carlo  method. 

D.  Characteristics  of  an  Air  Battle  Model  for  Simulation 


An  air  battle  model  should  include  all  features  of  tbo  air  battle 
that  will  significantly  affect  one  or  more  of  the  kill  probability,  firepower, 
and  firing  doctrine.  The  model  must  provide  whatever  information  la  called 
for  by  the  eligibility  and  selection  criteria  that  make  up  the  firing  doctrine. 
It  must  provide  mean.,  for  ascertaining  the  time  and  location  of  each  intercept, 
and  whether  or  not  a  kill  occurs.  In  addition,  the  model  should  include  mech¬ 
anisms  for  starting  the  battle  at  an  appropriate  time,  for  advancing  the  dock 
in  order  that  the  battle  nay  progress,  and  for  terminating  the  battle.  Final¬ 
ly,  provision  should  be  made  for  recording  pertinent  information  about  what 
has  transpired  in  the  course  of  the  battle. 

Information  needed  for  operation  of  the  firing  doctrine  will,  of 
course,  be  dictated  by  the  doctrine  being  used.  Many  eligibility  and  selec¬ 
tion  criteria  are  based  in  some  manner  or.  one  or  more  of  present  position, 
course,  and  speed,  predicted  position,  and  current  engagement  status  of  each 
target.  The  time  and  location  of  intercept  can  be  calculated  if  the  position 
of  the  target  at  time  of  assignment,  target  speed  and  path,  location  of  SAM 
site  and  time  from  assignment  to  intercept  as  a  function  of  intercept  position 
are  known,  occurrence  of  kill  can  be  ascertained  by  the  thro;;  of  a  die  or 
some  similar  random  drawing,  px*ovided  the  kill  probability  is  known  as  a  func¬ 
tion  of  intercept  position  and  the  nature  of  the  target.  The  battle  may  start 
when  the  first  target  becomes  eligible  for  assignment.  The  battle,  or  at 
least  the  calculation,  coy  stop  when  a  specified  number  of  attacking  aircraft 
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have  penetrated  to  weapon  release,  when  the  defense  Is  rendered  Ineffect¬ 
ive  by  exhausting  its  ammunition  or  by  being  destroyed,  or  when  all  aircraft 
have  been  killed  or  have  otherwise  become  permanently  ineligible.  The  choice 
may  be  dictated  by  the  measure  of  effectiveness  being  computed;  e.g. ,  if  the 
probability  of  at  least  one  penetrator  Is  the  measure,  the  calculation  need 
not  cortinue  after  one  penetration  has  occurred. 

Two  means  for  advancing  the  clock  during  the  battle  are  in  common 
use.  One  is  to  advance  i->e  clock  a  fixed  short  interval ,  examine  all  targets 
and  all  SAM  units  to  see  if  anything  significant  has  tak;..i  place  during  that 
Interval,  carry  out  whatever  calculations  or  other  operations  that  may  be 
called  for,  then  advance  the  clock  another  fixed  interval  and  again  examine 
all  targets  and  all  SAM  unit3. 

The  second  means  makes  use  of  what  we  shall  call  an  event  store. 

The  battle  is  thought  of  as  a  sequence  of  events  3uch  as: 

A  new  target  is  assigned  to  a  3AM  unit. 

Engagement  of  a  target  by  a  SAM  unit  has  been  completed. 

A  target  has  crossed  the  weapon  release  point. 

Initially  the  time  at  which  certain  events  will  occur  can  be  calculated;  far 
example,  the  first  target  assignment  event  for  each  SAM  unit.  These  are  en¬ 
tered  in  a  store  in  the  order  of  their  occurrence.  Each  event  will  generate 
other  later  events;  for  example,  a  target  assignment  event  would  generate  a 
later  completion  of  engagement  event  as  well  as  a  later  target  assignment 
event  for  that  SAM  unit.  As  each  new  event  is  generated,  the  time  of  its 
occurrence  is  calculated  and  the  event  is  entered  in  the  store  In  the  appro¬ 
priate  order,  behind  those  occurring  earlier  and  before  those  occurring  later. 
On  completion  of  the  calculations  and  other  operations  ■  npropriate  to  an  event, 
including  the  generation  of  new  events,  the  clock  is  advanced  to  the  time  of 
the  next  event  in  the  store.  Calculations  and  operations  appropriate  to  this 
event  are  then  carried  out  and  the  clock  is  again  advanced. 

E.  A  Particular  Air  Battle  simulation 

The  discussion  thus  far  has  indicated  in  a  general  way  how  air  battle 
simulation  can  be  of  use  to  the  tactical  analyst,  and  what  characteristics  are 
required  of  an  air  battle  model  to  be  used  in  tne  Monte  Carlo  method.  The  ad¬ 
vantages  and  limitations  of  air  battle  simulation  as  an  analytic  tool  can  be 
better  understood  by  describing  in  detail  the  design  and  operation  of  a  speci¬ 
fic  simulation.  Such  a  description  follows. 

In  the  tactical  situation  assumed,  a  number  of  air  targets  are  pro¬ 
ceeding  at  the  same  constant  speed  and  altitude  along  the  oame  straight  path 
toward  a  surface  target  which  is  defended  by  *  number  of  SAM  units  deployed 
about  it.  The  geometry  of  the  buttle  can  co-iveniently  be  described  in  terns 
of  a  cartesian  coordinate  system  having  its  origin  at  or  behind  the  surface 
target  and  its  positive  x-axls  along  the  at.ack  path  in  the  direction  from 
which  the  attack  approaches,  as  shov/n  In  Figure 
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The  attack  is  characterized  by  the  number  of  aircraft  b,  their 
speed  u,  their  weapon  release  point  xfc,  and  the  spacing  between  successive 
target  arrivals.  It  is  ofcer.  convenient  to  use  a  constant  mean  spacing  s 
between  arrival  times,  although  arbitrary  spacings  do  net  introduce  serious 
complication;  the  model  admits  either  choice.  Any  of  the  attacking  aircraft 
may  be  a  decoy,  if  desired.  With  the  specification  of  weapon  release  point, 
the  surface  target  as  such  need  no  longer  be  considered,  since  the  „iodel  is 
concer  with  intercepts  occurring  before  weapon  release  only. 

Target  altitude  as  such  does  not  enter  directly  into  any  of  the 
calculations  carried  out  during  the  air  battle  simulation.  Rather,  its  ef¬ 
fect  is  felt  in  the  initial  selection  of  certain  parameter  values  that  do 
enter  the  calculations.  In  particular  it  may  influence  or  govern  the  choice 
of  weapon  release  point  and  maximum  intercept  ange. 

The  defense  is  characterized  by  the  location  (xQ,  yQ)  of  each  SAM 
unit ,  by  the  number  m  of  missiles  stored  at  each  site ,  by  the  maximum  inter¬ 
cept  range  omay  of  the  missile  as  defined  by  the  intersection  of  the  attack 
path  and  the  zone  of  fire  about  the  8AM  unit,  by  the  kill  probability  p(o) 
as  a  function  of  Intercept  range  p,  and  by  certain  times  associated  with  the 
SAM  unit  as  described  in  Sections  C  and  D  of  Chapter  II.  A  brief  review  of 
those  sections  will  provide  a  useful  background  for  the  ensuing  discussion. 
The  times  of  particular  interest  are  (!)  tie-up  time  0(p),  the  time  between 
designation  and  intercept  of  a  target ,  (2)  assessing  time  tfl,  the  time  be¬ 
tween  intercept  and  receipt  of  verdict  of  the  assessing  process  at  the  de¬ 
cision  center,  and  (5)  a  time  lie  shall  call  designation  cycle  time  TD,  de¬ 
fined  as  the  greatest  designation  interval  (the  interval  of  time  between 
successive  designations  t-o  the  same  8AM  unit)  that  will  not  cause  loss  of 
firepower. 
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The  significance  of  the  designation  cycle  tine  is  that  if  the 
designation  interval  is  equal  to  “.his  ti:.  then  on  the  cne  hand  the  firing 
rate  will  be  governed  by  the  availability  of  a  launcher  or  of  a  guidance 
channel  (i.e.,  the  firing  ur 'C  will  not  be  idle  for  lack  of  a  target)  and 
on  the  other  hand  the  next  icr-et  designation  will  be  made  at  the  last  pos¬ 
sible  moment  that  will  not  cauoc  delay.  Prom  this  comment  we  see  that  if 
the  firing  rate  is  launcher  governed,  the  designation  cycle  time  TD  is  equal 
to  the  launcher  cycle  time  Tr ,  and  if  the  firing  rate  is  limited  by  the  avall- 
aoillty  of  a  guidance  channel,  the  designation  cycle  time  is  equal  to  the  in¬ 
tercept  Interval  V(p2)  plus  the  difference  in  missile  lines  of  flight  to  suc¬ 
cessive  Intercept  ranges  o^  and  p.-,.  Thus  we  have 


(18) 


• D  =  -*  { 


v.p0)  +  fcj.C )  -  tf(p^) 


The  simulation,  with  minor  modifications,  permits  the  U3C  of  a  var¬ 
iety  of  firing  doctrines.  Vo  avoid  unnecessary  confusion,  a  single  doctrine 
will  be  employed  here;  discussion  of  modifications  required  for  other  doc¬ 
trines  will  be  deferred.  The  doctrine  we  hero  consider  is  the  "nearest  cur¬ 
rently  least  engaged"  doctrine  described  earilc-r.  A  target  is  eligible  for 
selection  if: 


it  has  not  been  assessed  as  killed  in  consequence  of 
an  earlier  engagement. 

Its  present  position  will  permit  intercept  before 
weapon  release  and  within  maximum  intercept  range 
(with  one  exception  noted  dcIow ) . 

It  is  among  the  currently  least  engaged  of  all  such  targets. 

Because  of  the  assumption  of  constant  attack  speed  and  course,  the  nearest 
target  of  any  group  can  be  defined  as  that  target  closest  to  but  r.ot  yet  past 
weapon  release  point. 

The  simulation  embodies  an  event  store  as  a  means  for  advancing  the 
clock.  In  addition,  a  target  stoie  and  a  3AM  unit  store  are  incorporated  to 
facilitate  the.,  recording  of  information  needed  later  in  the  battle  or  desired 
as  a  permane.rft  record  of  what  transpired  during  the  battle.  Events  in  the 
simulation  a$e  target  assignment  event,  engagement  completion  event,  delayed 
launching  event  and  weapon  release  passage  event.  These  events  together  with 
the  calculations  and  operations  associated  with  each  are  discussed  in  turn. 

Target  Assignment  Event 

At  the  time  of  the  event ,  when  a  SAM  unit  is  ready  for  a  new  target 
assignment ,  the  target  store  is  scanned  to  determine  the  set  of  eligible 
targets,  and  the  nearest  of  these  is  selected.  The  scan  can  be  carried  out 
in  a  variety  of  ways,  one  way  is  to  examine  each  target  in  turn  in  order  of 
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nrarness,  rejecting  it  if  it  is  labelled  killed,  if  its  current  position 
falls  to  satisfy  the  elegibJlity  criteria,  or  if  its  current  engagement 
status  equals  or  exceeds  that  of  an  earlier  eligible  target.  If  it3  en¬ 
gagement  status  Is  less  than  that  of  an  earlier  target,  then  the  earlier 
target  Is  rejected.  Clearly,  at  any  stage  of  the  sen,  at  most  one  target 
will  be  retained.  On  completion  of  the  scan  the  one  (if  any)  remaining 
target  is  assigned,  since  it  will  automatically  be  the  nearest  of  those 
eligible,  if  no  target  is  retained,  none  are  eligible  and  no  assignment 
is  made. 


Strict  adherence  to  the  stated  eligibility  criterion  that  a  target's 
current  position  be  such  as  to  permit  intercept  within  maximum  range  requires 
that  at  the  time  of  designation  the  target  be  inside  a  position 


x  =  x  ,  +  uiu(o 

<"  max  i 


ruu; 


where  x  is  the  intercept  position  corresponding  to  maximum  range  p 
(see  Fig.  46.)  max' 


Figure  46 

Observance  of  this  requirement  could  in -some  ir.stc.oceo  lead  to  several  SAH 
units  simultaneously  engaging  the  lead  target  at  the  beginning  of  the  battle, 
leaving  the  next  few  targets  unengaged,  unless  spacing  between  targets  is 
very  small.  To  alleviate  this  undesirable  situation  we  grant  eligibility  to 
targets  whore  current  position  Is  in  an  interval  of  some  specified  length  Ax 
lying  just  beyond  xc.  (See  Fig,  46.)  Choice  of  the  length  A?:  is  a  question 
of  doctrine.  If  too“  small,  it  will  fail  to  fulfill  its  purpose  and  if  too 
long  it  will  lead  to  undue  delay. 
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If  the  designated  target  is  currently  within  the  interval  Ax, 
a  delayed  launching  event  for  the  SAM  unit  is  generated,  including  a  record 
the  identity  of  the  designated  target;  the  time  of  the  event  is  \.he  time 
when  the  designated  target  will  pass  xc.  If  the  designated  target  has  al¬ 
ready  passed  x, ,  the  intercept  position  and  range  can  be  calculated.  We  have 

U9)  Xj  =  XD  -  U0<P) 

where  (see  Fig.  47) 

Xj  =  intercept  position 
xD  =  designation  position 


SAM  Site 


Figure  47 

This  pair  of  slmultaneoi'3  equations  can  be  solved  for  o  (and  Xj) ,  rince  the 
target1  s  current  position  x^,  is  known. 

Having  determined  a,  we  con  then  obtain  the  value  of  the  kill  prob¬ 
ability  applicable  to  this  engagement  from  p(p).  To  ascertain  whether  the 
engagement  results  In  a  kill,  we  draw  one  or  more  random  decimal  digits,  de¬ 
pendin'  upon  the  accuracy  to  which  the  kill  probability  is  known,-  and  compare 
with  the  kill  probability.  The  use  of  decimal  digits  is  more  convenient  than 
dice,  since  we  customarily  work  in  the  decimal  system  of  numbers. 
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We  next  record  a  decrease  of  one  in  the  SAM  unit's  missile  supply, 
in  the  SAM  unit  store,  and  an  increase  of  one  in  the  selected  target's  cur¬ 
rent  engagement  status,  in  the  target  store.  Finally,  before  proceeding  to 
the  next  event  in  the  event  store .  we  must  generate  an  engagement  completion 
event  for  the  target  in  question,  including  a  record  of  the  outcome  of  the 
current  engagement,  and  a  n_*v:  target  assignment  event  for  the  SAM  unit  in¬ 
volved,  unless  it3  missile  supply  Is  now  exhausted.  The  time  of  the  engage¬ 
ment  completed  event  will  be  the  engagement  time  0(p)  +  ta  later,  and  the 
time  of  the  new  target  assignment  event  will  be  the  designation  cycle  time 
Tp  later. 


From  equation  ( 1"  <  \:c  see-  that  may  depend  on  the  range  of  in¬ 
tercept  of  the  next  targe.:  to  be  designated,  if  the  firing  rate  is  limited 
by  availability  of  o  guidance  channel.  3ut  in  the  simulation,  at  the  time 
of  one  target  designation  the  next  target  to  be  designated  will  not  as  yet 
have  been  selected,  so  intercept  range  for  the  next  target  cannot  be  known 
and  TD  may  not  yet  bo  determinable .  Ko./ever ,  the  simulation  calls  for  an 
estimate  of  ?D  at  this  time;  and  so  we  must  adopt  on  approximation  which  Is 
either  independent  of  range  or  is  dopondont  only  on  the  range  of  intercept 
of  the  target  about  to  be  engaged.  Such  an  approximation  requires  that  son* 
estimate  of  the  expected  order  in  which  targets  will  be  engaged  be  made  be¬ 
forehand.  A  convenient  and  simple  assumption  is  to  suppose,  for  the  purpost 
of  defining  Tp,  that  the  next  intercept  will  occur  at  the  same  range  as  the 
current  cne.  Equation  (13)  then  reduces  to 

V’l1  ■  *“  jijpj) 

Other  choices  can  be  made  to  reflect  the  fact  that  under  the  "nearest  cur¬ 
rently  least  engaged"  doctrine,  target  engagements  tend  to  move  back  through 
the  attack  stream  as  the  bcttle  progresses.  We  can  assume  that  the  next  tar¬ 
get  to  he  designated  Is  the  next  target  in  the  stream.  If  therm  are  B  SAM 
units,  the  next  target  for  a  particular  3AM  unit  Is  the  B-th  target  farther 
back,  implying  that  the  SAM  units  take  the  targets  in  turn.  Or  we  can  assume 
that  the  next  target  is  at  ex.  expected  arrival  spacing  ps  behind,  l.e. .  at  a 
spacing  s  if  the  earlier  intercept  produces  a  kill  (with  probability  p),  and 
at  spacing  0  if  no  kill  (with  probability  1-p).  If  there  are  E  SAM  units,  we 
take  Instead  an  expected  spacing  Tips.  These  choices  all  Imply  that  the  ef¬ 
fect  of  occasionally  moving  forward  lr.  the  stream  to  pick  up  a  survivor  of  an 
earlier  engagement  is  about  balanced  by  the  effect  of  moving  backward  follow¬ 
ing  this  picking  up. 

If  no  target  was  designated  to  the  Zkii  unit  because  no  target  was 
eligible  at  the  time  of  the  target  assignment  event,  the  target  store  is 
scanned  to  determine  if  come  target  will  become  eligible  at  a  later  time; 
l.e.,  if  there  is  u  target  located  beyond  ;ac  inter /ai  A  £  associated  with 
the  SAM  unit  in  question.  If  one  or  more  such  targets  can  be  found,  a  new 
target  assignment  event  is  generated  for  the  3AM  unit  at  the  time  the  Tirst 
of  these  targets  tic.,  become  eligible.  If  no  such  target  cor.  bo  found,  no 
further  target  assigisae..',  event  is  generated  foe  the  3AM  unit;  rather  the 
unit  is  retired  from  no  Jo.-.. 
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At  the  start  of  the  battle,  a  target-  assiu  -uent  event  fen  each 
SAM  unit  is  placed  in  the  event  store;  the  time  ascribed  to  each  of  these 
events  is  the  time  when  the  lead  target  reaches  the  position  x«  associated 
with  that  SAM  cnit,  i.e. ,  each  SAM  unit  actively  enters  ‘.he  battle  in  time 
to  intercept  the  lead  target  at  maximum  intercept  range,  should  the  firing 
doctrine  dictate  such  a  target  assignment.  Since  each  target  ujsignment 
event  gives  rise  to  another  target  assignment  event  for  the  same  SAM  unit, 
unless  the  unit's  missile  supply  has  been  exhausted,  each  SAM  unit  then  re¬ 
mains  actively  participating  in  the  battle  so  long  as  it  is  able. 

I-in^agement  Completion  Event 

If  the  engagement  just  completed  resulted  in  a  kill,  this  fact  is 
now  recorded  in  the  target  store,  making  the  target  ineligible  for  further 
assignment .  if  the  verdict  uas  no  kill,  the  engagement  status  of  the  tar¬ 
get  is  reduced  by  one  in  the  target  store.  Determination  of  whether  the  en¬ 
gagement  would  or  would  not  result  in  a  kill  could  have  been  delayed  until 
this  time.  However,  the  range  of  Intercept  would  then  have  had  to  be  re¬ 
corded  to  allow  us  to  obtain  the  appropriate  value  of  p(p). 

Delayed  Launching  Event 

A  delayed  launching  event  is  generated  only  when  a  target,  currently 
in  the  interval  Ax,  is  designated  to  a  SAM  unit.  At  the  time  of  designa¬ 
tion  the  target  may  have  been  under  engagement  by  another  SAM  unit,  located 
farther  down  range  or  employing  longer  range  missiles  and  ao  able  to  engage 
the  target  earlier.  Thug  the  target  may  have  bean  killad  and  tha  verdict  to 
this  effect  rendered  during  the  time  between  designation  to  tha  SAM  unit  In 
question  and  the  delayed  launching  event.  Becauae  of  thla  f.ct  tha  first 
operation  called  for  by  the  delayed  launching  event  is  to  check  the  target 
store  to  set  if  trie  target  is  now  known  to  be  dead.  If  tha  target  la  not 
found  to  be  dead,  we  follow  the  sequence  of  operations  described  under  tar¬ 
get  assignment  event,  starting  with  calculation  of  tha  intercept  range.  If 
the  target  is  found  to  be  dead,  we  attempt  to  select  another  target  in  Its 
stead,  again  following  tha  sequence  of  operation;  under  target  assignment 
•vent,  but  now  starting  yith  the  scan  of  tha  target  store. 

Weapon  Release  Passage  Event 

The  one  reason  for  including  weapon  release  passage  events  in  the 
simulation  is  to  provide  a  means  for  terminating  tha  battle  when  the  number 
of  live  pen# t rat on  meets  the  demands  of  the  measure  of  effectiveness  being 
computed,  e.g. ,  one  penetration  if  the  measure  la  the  probability  of  at  least 
one  pent t rat or.  The  first  operation  associated  with  each  weapon  release  pas¬ 
sage  event  Is  to  check  the  target  store  to  see  If  the  target  In  question  Is 
live  and  not  a  decoy  (if  decoys  are  Included  in  the  attack).  If  the  target 
is  live,  a  check  is  then  made  to  see  if  the  total  number  of  live  penetratora 
Is  sufficient  to  meet  the  demands  of  the  measure  being  computed;  if  so,  the 
battle  is  halted.  If  the  target  is  dead,  is  a  decoy,  or  If  It  is  live  but 
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the  number  of  penetrators  Is  not  sufficient,  a  new  weapon  release  passage 
event  is  generated  for  the  next  target  in  the  stream  at  the  time  it  will 
reach  weapon  release.  At  the  outset  of  the  battle,  a  weapon  release  pas¬ 
sage  event  for  the  lead  target  is  placed  in  the  event  ctore. 

F.  Modification  to  the  Simulation 


The  simulation  as  described  permits  a  wide  variety  of  applications 
without  modification.  The  locations  and  number  of  SAM  units  comprising  the 
defense,  the  Iritlal  ready  missile  supply,  the  maximum  intercept  range,  the 
kill  probabilities  and  descriptive  tL,es  of  each  are  open  parasieters.  The 
speed,  number,  arrival  spacing,  and  weapon  release  io sit ion  of  the  attack¬ 
ing  aircraft  arc  open  parameters.  Thus  a  wide  variety  of  defensive  missile 
systems,  even  mixtures  made  up  of  different  systems  can  be  simulated,  as  can 
many  different  attacka. 

The  simulation  limits  all  attacking  aircraft  to  the  same  constant 
speed  and  straight  line  attack  path.  These  limitations  can  be  relaxed  in 
any  of  several  ways,  usually  at  the  expense  of  some  added  complexity  in  che 
simulation.  A  curved  or  dogleg  attack  path,  the  admission  of  two  or  mere 
distinct  paths ,  or  a  variation  in  target  speed  along  a  path  will  necessitate 
some  change  in  the  calculation  of  intercept  position.  If  different  targets 
are  permitted  to  fly  at  different  speeds ,  an  alternative  definition  of  "near¬ 
est"  is  required;  two  common  choices  nre  (1)  "target  with  leaat  time  to  go 
to  intercept",  and  (2)  "target  with  least  time  to  go  to  weapon  release".  Air- 
creft  at  different  altitudes  may  have  different  maximum  Intercept  ranges  and 
different  veapon  release  points. 

The  structure  of  the  simulation  is  such  ea  to  readily  permit  changes, 
particularly  in  the  firing  doctrine  used.  As  en  example,  suppose  the  attack¬ 
ing  aircraft  approach  in  a  group,  fly  Lug  sufficiently  close  together  to  appear 
as  a  single  unresolved  track  to  the  defensive  search  radar.  The  "nearest  cur¬ 
rently  least  engaged"  doctrine  will  not  provide  pairings  of  3AM  units  with  in¬ 
dividual  targets;  a  different  doctrino  must  be  used.  Let  us  assusie  that  se¬ 
lection  of  an  individual  target  la  a  random  process,  all  live  targets  having 
equal  chance  of  being  choaen,  and  no  choice  being  mads  unless  all  targets  art 
within  range.  Ve  replace  the  target  assignment  event  described  above  with  a 
random  target  assignment  event.  The  first  operation  called  for  by  this  new 
event  Is  to  draw  a  random  number  (an  integer)  between  one  and  the  number  of 
live  targets  in  the  group  at  the  time  of  the  event.  He  count  through  the  live 
targets  in  the  targst  store  until  we  reach  the  random  integer;  the  correspond¬ 
ing  target  is  selected.  Following  selection  of  a  target  the  remaining  opera¬ 
tions  are  carried  out  as  before;  the  intercept  range  is  calculated,  occurrence 
of  a  kill  is  determined ,  the  ready  missile  supply  of  the  3AM  unit  is  decreased 
by  one,  and  on  engagement  completion  event  and  a  new  random  target  assignment 
event  are  generated  for  the  target  and  SAM  unit  respectively.  Of  course  no 
consideration  is  given  to  the  Interval  &x.  nor  to  the  current  engagement 
status  of  any  target.  Furthermore,  the  delayed  launching  event  Is  not  needed, 
ho  other  changes  in  the  simulation  are  needed. 
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Another  doctrinal  change  of  Interest  can  easily  be  incorporated 
in  the  simulation.  In  some  situations  it  may  be  desirable  to  regard  targets 
that  have  penetrated  to  rather  short  range  .as  being  especially  threatening 
and  so  warranting  heavier  fire  than  the  "nearest  currently  least  engaged" 
doctrine  would  provide.  To  provide  heavier  fire  at  short  range,  we  define 
a  priority  zone  extending  from  weapon  release  position  x*  to  a,,  cuter  bound¬ 
ary  x„.  We  give  priority  to  a  target  within  this  zone  if  the  number  of  en¬ 
gagements  it  is  currently  undergoing  is  less  than  a  specified  maximum  Kp. 

Our  firing  doctrine  becomes  a  sequential  application  of  the  "nearest  current¬ 
ly  least  engaged"  <octrlne,  first  to  targets  in  the  priority  zone  whose  cur¬ 
rent  engagement  status  is  less  than  K0,  and  then,  if  no  tux-get  has  been  se¬ 
lected,  to  all  targets  whether  in  the' priority  zone  or  in  the  non-priority 
zone  lying  beyond  x.. ,  as  before  without  regard  for  the  upperbound  Kp.  This 
change  In  the  target;  assignment  event  scan  is  all  we  require  to  have  a  sim¬ 
ulation  capable  of  heavier  fire  at  short  range.  How  much  heavier  the  fire 
shall  be  is  controlled  by  the  choice  of  11.,  and  what  constitutes  short  range 
is  controlled  by  the  choice  of  xp. 

A  defense  made  up  of  both  long  and  short  range  SAM  units  may  prove 
more  effective  if,  early  in  the  battle,  a  limited  number  of  targets  are  per¬ 
mitted  to  penetrate  to  the  firing  zone  of  the  short  range  SAM  units,  tu4  the 
long  range  SAM  units  meanwhile  engage  targets  farther  back  in  the  stream. 

In  this  way  the  3hort  range  units  actively  enter  the  battle  at  the  earliest 
possible  time,  rather  than  remain  idle  while  the  long  range  units  bear  the 
burden  of  the  defense.  Clearly  the  number  of  targets  permitted  to  penetrate 
must  be  carefully  limited  to  insure  that  the  short  range  unite  will  he  able 
to  handle  them  satisfactorily.  One  way  to  achieve  this  objective  is  to  mod¬ 
ify  the  "nearest  currently  least  engaged"  firing  doctrine  by  declaring  cer¬ 
tain  targets  (e.g. ,  every  third  target)  ineligible  for  assignment  to  long 
range  SAM  units.  Or  the  long  range  units  could  be  limited  to  a  single  en¬ 
gagement  per  target  for  any  target  not  yet  within  range  of  a  short  range  unit. 

G.  Critical  Examination  of  Monte  Carlo  Method 

A  discussion  of  the  Monte  Carlo  method  would  not  be  complete  with¬ 
out  at  least  a  brief  critical  review  of  its  strength  and  weaknesses;  such  an 
examination  follows.  The  particular  sir  battle  simulation  described  above 
will  serve  to  Illustrate  several  of  the  points  to  be  etdo. 

The  validity  of  a  measure  of  effectiveness,  calculated  by  the  Monte 
Carlo  method,  is  governed  by  the  appropriateness  of  the  ».lr  battle  model  used 
in  the  simulation,  the  validity  of  the  parameter  values  selected  to  describe 
the  attack,  the  defense,  and  their  interactions  with  each  other  and  with  their 
environment,  and  the  sample  size.  i.e. ,  the  number  of  times  the  air  battle 
simulation  is  repeated  with  the  same  set  of  parameter  values.  Of  course  the 
need  for  an  appropriate  model  and  for  valid  parameter  values  obtains  whatevv 
method  may  be  employed  In  calculating  the  measure.  The  suitability  of  the 
model  and  the  accuracy  of  parameter  values  must  ultimately  depend  on  the  an  • 
lyst'o  knowledge  of  the  defensive  missile  system,  of  the  attack,  of  the  en- 
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vironment,  and  of  the  Interactions  of  these.  The  use  of  an  overly  complex 
model  or  of  parameter  values  unjustifiably  quoted  to  many  digits  cannot  com¬ 
pensate  for  a  lack  of  knowledge. 

An  air  battle  model  appropriate  to  the  Monte  Carlo  method  should  In¬ 
clude  the  simulation  of  all'  features  of  the  air  battle  pertinent  to  the  meas¬ 
ure  of  effectiveness  being  computed,  and  should  exclude  all  features  of  the 
air  battle  Irrelevant  to  the  problem  being  Investigated.  It  should  be  point¬ 
ed  out  that  the  popular  desire  for  realism  In  models  of  various  sorts  of 
battles  Is  net  well  founded .  A  model  by  definition  Is  not  reality;  it  Is  s 
model  of  reality.  No  amount  of  trimming  In  the  form  of  simulation  of  Irrel¬ 
evant  features  can  make  a  model  real;  nor  will  it  enhance  the  model  in  any 
constructive  way.  The  oft  expressed  concern  for  realism  is  In  truth  a  de¬ 
sire  to  incorporate  In  a  model  all  that  is  pertinent.  Kouever,  In  attempt¬ 
ing  to  fulfill  this  desire,  a  clear  notion  of  what  various  features  should 
be  pertinent  or  relevant  to,  is  essential. 

Use  of  the  Monte  carlo  method  demands  that  the  slse  of  the  sample 
be  sufficient  to  yield  statistically  meaningful  results.  Errors  from  statis¬ 
tical  fluctuation  can  be  reduced  to  any  desired  level  by  Increasing  the  sample 
size.  However,  no  advantage  can  accrue  from  making  the  statistical  errors 
very  email  compared  to  uncertainties  concerning  features  of  the  model  or  values 
of  the  parameters  used.  Indeed,  such  action  may,  and  sometimes  does,  load  to 
false  accuracy.  A  small  statistical  error  may  suggest  a  high  level  of  accureey 
In  the  result*  that  does  not  In  fact  exist.  Should  uncertainties  concerning 
the  model  or  parameter  values  be  too  great,  application  of  the  Mont*  Carlo 
method  will  seldom  be  warranted.  Some  simpler  fora  of  analysis  will  usually 
suffice. 


The  need  for  an  adequate  sample  slse  In  the  Mont*  Carlo  method  argues 
for  an  sir  bottle  model  so  designed  that  Its  running  time  will  bo  short.  The 
time  required  to  obtain  s  sample  of  given  slse  la  of  course  proportional  to 
ths  running  time  per  simulated  battle,  end  1»  consequence  the  cost  of  calcula¬ 
tion  la  very  nearly  proportional  to  running  time.  Whether  calculations  are 
mada  by  hand  or  on  a  high  speed  computer,  their  cost  It  usually  a  natter  of 
major  content.  Thus  any  eeoramy  that  can  he  effected  by  shortening  the  run¬ 
ning  time  is  important. 

The  structure  of  an  sir  battle  model  should  be  simple  enough  that 
the  simulation  can  be  thoroughly  understood  aa  a  whole.  Without  this  complete 
understanding,  the  problems  of  detcctli*  errors  In  design  or  operation  of  the 
simulator  and  In  resolving  the  apparent  anomalies  In  results  that  misuse  in¬ 
variably  arise  are  extremely  difficult. 

The  above  requirements  for  an  air  battle  model  are  often  in  conflict. 
Even  after  due  heed  has  been  paid  to  the  question  of  relevance ,  so  many  fea¬ 
tures  of  ths  battle  nay  appear  to  be  essential  that  the  model  becomes  too  com¬ 
plex  to  make  e  satisfactory  sample  sis*  practicable  or  to  permit  *  simultaneous 
grasp  of  all  details  of  the  simulation.  This  dilemma  can  be  resolved  by  re¬ 
sorting  to  the  sound  txpedient  of  subdividing  the  model.  A  model  is  made  up 
of  many  blocks  Joined  together  by  prescribed  functions  or  operations,  each 
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block  In  turn  can  be  constructed  of  many  smaller  blocks  similarly  joined, 
i'or  example,  tne  particular  simulation  described  earlier  consists  of  an 
initial  set  of  conditions  and  a  sequence  of  events  that  operate  on  these 
Initial  conditions.  One  operation  occurring  repeatedly  is  that  of  deter¬ 
mining  whether  an  engaged  target  is  killed  or  not  The  scheme  used  for 
carrying  out  this  operation  calls  for  a  random  number  to  be  drawn  ns  each 
engagement  takes  place;  this  number  is  then  compared  with  a  previously  se¬ 
lected  and  stored  kill  probability  to  determine  kill.  In  an  actual  firing 
of  a  missile  against  a  target  a  kill  would  or  would  not  occur  depending 
upon  the  outcome  of  each  of  an  extensive  sequence  of  events  described  in 
Chapter  ITI.  These  outcomes  include  miss  distance,  fuse  triggering  posi¬ 
tion,  fuse  delay,  and  burst  position.  Since  kill  probability  is  pertinent 
to  the  measure  of  effectiveness  (penetration  probability)  being  calculated 
with  the  aid  of  the  simulation  model,  the  many  variables  upon  which  it  de¬ 
pends  arc  also  pertinent.  But  even  though  they  are  pertinent,  explicit 
treatment  of  them  need  not  be  incorporated  in  the  simulation  model.  They 
can  be  more  satisfactorily  dealt  with  separately  by  one  of  the  methods  dis¬ 
cussed  in  Chapter  Ill  to  provide  kill  probability  as  a  function  of  intercept 
position  and  target  tipe.  More  generally,  every  operation  included  in  the 
model  described  earlier  could  be  expanded  into  a  sequence  of  sub-operations. 
In  turn,  each  sub-operation  could  be  expanded  until,  if  all  ultimate  rub- 
operations  were  incorporated  in  a  single  model,  the  model  would  include 
even  the  detailed  simulation  of  each  radar  pulse.  Clearly  a  model  incor¬ 
porating  this  great  detail  would  become  so  complex  ss  to  be  completely  un¬ 
manageable.  But  If  the  model  is  subdivided,  the  expansion  of  each  operation 
being  treated  separately  and  only  the  results  of  the  separate  treatments 
being  incorporated  in  the  model,  excessive  complexity  can  be  avoided. 

At  best,  calculation  of  s  measure  of  effectiveness  by  means  of  the 
Monte  Carlo  method  Is  expensive  and  time-consuming  when  compered  to  calcu¬ 
lation  by  any  of  the  formulas  of  Chapter  V.  Justification  of  the  Monte 
Carlo  method  rests  on  the  inability  of  the  formulas  to  properly  account  for 
many  firing  doctrines  of  interest.  However,  the  formulas  can  often  be  of 
considerable  value  even  when  firing  doctrine  it  a  matter  of  concern.  Once 
a  program  of  simulation  has  been  carried  out,  the  results  obtained  can  be 
compared  wltn  those  provided  by  the  formulas.  A  formula  giving  approximately 
the  same  results  can  sometimes  be  found,  and  the  sets  of  conditions  which 
constitute  bounds  within  which  the  approximation  is  valid  can  be  defined. 
Within  these  bounds  the  formula  can  be  used  on  later  occasions  with  reason¬ 
able  confidence. 

The  wed  for  an  adequate  sample  sise  will  usually  dictate  the  use 
of  a  high  speed  digital  computer  in  carrying  out  air  battle  t.'^  lation.  A 
computer  simulation  commonly  Involves  s  time-consuming  programming  task  at 
the  outset,  but  can  later  pay  off  handsomely  in  the  form  of  rapid  computa¬ 
tion.  In  contrast,  manual  simulation  requires  little  initial  preparation, 
but  usually  is  very  slow  and  tedious  in  operation,  and  is  apt  to  Introduce 
computational  errors ;  the  human  operator  is  not  a  particularly  reliable 
computer,  especially  when  he  is  tired. 
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For  all  the  shortcomings  of  a  manual  simulator,  It  hat  an  Impor¬ 
tant  role  to  play  In  the  simulation  of  an  air  battle.  In  the  process  of 
designing  a  simulation  model  many  features  of  the  design  must  be  tested 
to  determine  If  the  logic  of  the  model  13  sclf-conslstent,  to  detect  those 
features  and  assumptions  that  are  In'  conflict  with  the  characteristics  and 
Interactions  of  the  air  battle  being  simulated,  and  to  discover  1 nportant 
omissions  in  the  model.  A  manual  simulator  Is  well  suited  to  this  prelim¬ 
inary  testing;  3lnce  it  can  be  quickly  and  easily  prepared  for  operation, 
desirable  and  even  necessary  changes  in  the  derlgn  of  the  model  can  then 
often  be  discovered  In  the  course  of  a  very  few  simulator  runs,  and  these 
changes  can  r'adily  be  incorporated  and  tested  In  turn. 

The  air  battle  simulation  described  above  was  originally  designed 
for  a  manually  operated  desk  top  simulator,  and  later  was  programmed  for  a 
high  speed  digital  computer.  In  both  forms  it  has  been  used  extensively 
in  the  tactical  analysis  of  SAM  systems;  during  the  period  of  its  use  aeny 
changes  and  innovations  have  been  introduced.  The  manual  simulator  has 
been  a  valuable  tool  not  only  In  working  out  the  details  of  these  changes, 

but  in  a  number  of  other  ways  as  well.  Experience  with  the  manual  simula¬ 

tor  has  shown  that,  in  the  course  of  a  single  run,  inconsistencies  and  in¬ 
valid  features  In  the  model  not  otherwise  easily  recognise*  could  frequent¬ 
ly  be  observed.  A  single  run  often  served  to  demon.  a  previously  un¬ 
suspected  gross  weakness  in  a  proposed  firing  doctrine,  and  suggested  modi¬ 

fications  to  the  doctrine  which  would  strengthen  it.  Indeed,  as  a  conse¬ 
quence  of  a  single  run,  an  important  interaction  between  elements  of  the 
air  battle  -  one  that  was  not  evident  before  -  wes  uncovered  Jn  each  of 
several  instances.  The  information  gained  from  a  single  run ‘was  not  deriv¬ 
ed  from  recorded  results  of  the  run  -  since  a  sample  of  one  run  is  complete¬ 
ly  inadequate  from  a  statistical  point  of  view.  The  value  of  the  single  run 
steamed  rather  from  the  fact  that  the  operator  could  observe  the  sequence 
of  events  as  they  occurred,  and  often  could  note  why  things  turned  out  as 
they  did. 


The  ability  of  the  operator  of  a  manual  simulator  to  watch  the 
entire  battle  as  it  evolves  and  in  so  doing  to  discover  why  things  happen 
as  they  do,  makes  the  manual  simulator  a  useful  tool  in  interpreting  the 
results  of  a  Monte  Carlo  calculation.  In  many  instances  the  plot  of  a 
measure  of  effectiveness,  obtained  by  the  Monte  Carlo  method,  against  some 
parameter  of  interest  (e.g.,  spacing  between  successive  target  arrivals) 
will  behave  in  a  most  unexpected  manner.  A  few  runs  on  a  manual  simulator 
may  quickly  provide  an  explanation  for  their  behavldr. 

In  some  instances  a  measure  of  effectiveness  may  be  expected  to 
change  abruptly  as  some  parameter  of  interest  is  varied.  If  an  investiga¬ 
tion  of  such  change  is  to  be  made ,  tne  manual  simulator  can  be  useful  for 
calculating  purposes.  As  an  example,  the  plot  of  penetration  probability 
(the  probability  that  at  least  one  attacker  will  survive)  versus  the  num¬ 
ber  of  attackers  frequently  is  quite  steep,  as  illustrated  in  Figure  43. 


value  of  the  penetration  probability  for  any  particular  nunber  of  attack¬ 
ers.  The  problem  then  is  to  locate  the  "region  of  Interest"  (b^  to  bj>  In 
the  figure),  and  not  to  accurately  compute  points  of  the  curve.  In  such 
case  relatively  few  runs  on  a  manual  simulator  can  suffice.  For  any  number 
of  attackers  le33  than  b^,  a  single  run  will  show  that  only  with  great  good 
fortune  will  an  attacker  penetrate,  and  for  any  number  of  attackers  greater 
than  bg,  a  single  run  will  show  that  the  defense  is  simply  unable  to  engage 
all  targets,  thereby  insuring  a  penetration. 

k  final  Important  consideration  In  the  application  of  the  Monte 
Carlo  method  Is  the  design  of  the  simulator  itself,  and  the  choice  of  spe¬ 
cific  procedures  to  be  followed  in  carrying  out  calculations  and  other 
operations,  and  in  recording  Information  of  Interest.  Desirable  features 
for  any  simulation  Include  efficiency  and  reliability  In  carrying  out  cal¬ 
culations,  computing  accuracy  commensurate  with  the  accuracy  of  data  used, 
facility  In  the  detection  of  errors,  and  speed  of  Initial  preparation. 

Often  these  features  will  not  be  wholly  compatible;  some  compromise  must 
be  made.  However,  general  statements  on  this  subject  are  not  apt  to  be 
instructive;  greater  Insight  into  the  design  problem  can  be  obtained  from 
a  description  of  a  particular  cimulutor  and  of  Its  operation.  The  manual 
simulator  for  which  the  air  battle  simulation  described  above  was  original¬ 
ly  conceived  will  serve  as  a  useful  illustration. 

H.  A  Manual  Simulator 


The  manual  simulator  is  a  simple  analog  computer  of  the  slide  rule 
variety,  made  up  of  two  scales  on  a  slide,  several  fixed  scales,  a  cursor 
and  a  memory.  Figure  49  shows  a  sketch  of  the  simulator;  the  letters  in 
the  following  description  refer  to  the  figure. 
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On  the  left  hand  scale  T  of  the  slide,  the  relative  target  posi¬ 
tions  are  marked  off  according  to  any  desired  distribution  (a  uniform  dis¬ 
tribution  with  constant  target  spacing  is  depicted  in  the  figure).  The 
right  hand  scale  S  of  the  slide  gives  the  distance  a  target  advances  as  a 
function  of  time  of  advance,  the  index  or  origin  of  the  S  scale  is  located 
at  the  lead  target  The  fixed  scales  give  engagement  time  (0  +  ta)  ver¬ 
sus  target  intercept  position  for  each  SAM  site  and  the  fixed  scales  ?2 
give  the  designation  cycle  time  Tp  versus  target  intercept  position  for 
each  SAH  site.  A  fixed  memory  scale  Mj  serves  both  as  a  store  of  future 
target  assignment  events  and  as  a  record  of  all  engagements  previously 
undertaken  by  each  SAH  unit.  The  fixed  memory  scale  serves  as  a  store 
of  future  engagement  completion  events  and  as  a  record^of  all  engagements 
of  each  target.  The  scale  T  of  the  slide,  where  relative  target  positions 
are  marked  off,  is  used  to  record  the  current  engagement  status  of  each 
target  and  also  the  demise  of  each  target  killed. 

Preparation  of  the  simulator  for  a  particular  set  of  runs  consists 
of  drawing  up  appropriate  fixed  scales  P^  and  P2  for  eacn  SAM  site  and 
scales  S  and  T  of  the  slide.  The  first  step  i3  to  select  a  suitable  dis¬ 
tance  scaling  factor.  The  choice  should  minimize  the  real  distance  per 
unit  simulator  distance  (e.g.  ,  miles  per  inch),  while  still  including  the 
distance  Intervals  required  for  operation  of  the  simulator.  These  adja¬ 
cent  but  not  overlapping  intervals  are 

a)  The  distance  between  the  first  possible  intercept  position 
a  target  by  any  SAM  unit  and  the  corresponding  target  position 
at  designation. 

4  )  The  distance  betw'een  the  first  possible  Intercept  position  and 
the  last  possible  Intercept  position,  the  latter  often  being 
the  weapon  release  point. 

c)  The  distance  between  first  and  last  target?  in  the  attack  stream. 

The  fixed  scales  Pj,  and  F „  for  each  SAM  unit  can  readily  be  laid 
out  as  follows.  We  have  (repeating  equation  (19)) 


xx  *  xD  -  u)J(p) 

/  2  2 

p  -  -  xo)  *  yo 

where  x_,  xD  are  intercept  and  designation  positions  respectively,  U0,yo' 
are  SAKAsite  coordinates,  p  is  range  to  intercept  from  SAM  site,  jS(p)  is 
tie-up  time,  and  u  is  target  speed.  Eliminating  x^,  we  have 


*D  =*  *u  +  ujf(p)  + 
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For  each  of  several  convenient  values  of  p  covering  the  Interval  between 

pmax  and  Pinin'  we  calculate  xn>  both  or  *iust  one  value  will  aPPly 

depending  upon  where  the  position  of  last  intercept  falls  ..-eJative  to  the 
SAM  site.  For  each  of  the  same  chosen  values  of  p  we  obtain  the  corres¬ 
ponding  values  engagement  time  0(p)  ;•  t£l  and  designation  cycle  time  Tp 
and  then  plot  0  +  ta  and  Tp  versus  Xp,  usirg  the  distance  scaling  factor 
selected  above.  We  select  several  values  of  0  +  ta  and  of  Tp  covering 
the  intervals  between  (0  +  ta)max  and  ( 0  +  t  and  chosen  to  permit 
ready  interpolation  by  eye.  We  mark  off  the.1  chosen  values  on  the  { 0  +  ta) 
and  TD  axis,  and  for  each  value  then  mark  off  the  corresponding  one  or  two 
values  of  Finally  we  place  a  paper  strip  along  the  x  a*  is,  transfer 
the  markings  of  the  xp  values  to  the  strip,  and  record  the  corresponding 
(0  +  t3)  and  Tp  values  opposite  each  mark  to  give  us  the  completed  scales 
F-j^  and  Fg  for  the  SAM  cite  ir.  quest ioi  In  the  event  that  Tp  is  constant 
over  some  xp  interval ,  as  in  the  case  i  iauneher  governed  fire ,  the  fact 
that  the  same  value  of  Tp  applies  to  the  whole  interval  should  be  indicat¬ 
ed  on  the  scale  Fg.  .  . 

When  the  strips  bearing  the  scales  F,  and  iV.  for  different  SAM 
sites  are  mounted  on  the  simulator,  they  should  be  placed  so  as  to  coincide 
In  position  Xp  rather  than  in  time  0  or  Tp.  Indeed  two  SAM  units  whose 
locations  differ  will  have  different  values  of  0  and  usually  of  Tp  corres¬ 
ponding  to  the  same  designation  position  xp.  Furthermore,  positions  of 
first  and  last  designation  for  two  such  SAM  sices  will  not  in  general  co¬ 
incide,  even  though  positions  of  first  and  last  intercept  may  coincide. 

The  scale  T  of  the  slide  is  readily  prepared  by  marking  off  posi¬ 
tions  of  successive  targets  as  desired,  using  the  selected  distance  scaling 
factor.  Note  chat  the  relative  positions  of  targets  remain  unchanged  dur¬ 
ing  the  battle,  since  all  targets  are  assumed  to  be  flying  at  the  same  con¬ 
stant  speed.  The  scale  S  of  the  slide  is  obtained  by  choosing  a  convenient 
time  interval  A  t ,  and  marking  off  a  series  of  points  a  distance  u  At  apart , 
labeling  them  0 ,  At ,  2  At ....  up  to  the  maximum  value  of  0  or  Tp  occurring 
on  any  of  the  scales  Pj  and  Fg. 

The  operation  of  the  simulator  starts  with  entry  on  the  memory  M^ 
of  an  initial  target  assignment  event  for  each  SAM  unit,  and  a  weapon  re¬ 
lease  passage  event  for  the  lead  target.  The  target  assignment  event  for 
each  SAM  unit  is  entered  by  placing  the  cursor  at  the  left-hand  end  point 
of  the  scale  F-|  of  that  SAM  unit,  and  then,  holding  the  cursor  fixed,  mak¬ 
ing  a  mark  on  the  memory  and  labeling  the  mark  with  the  number  of  the 
SAM  unit.  The  weapon  release  passage  event  for  the  lead  target  is  entered 
by  the  following  sequence  of  steps.  The  cursor  is  placed  at  the  right-hand 
end  point  of  the  scale  F2  of  any  SAM  unit  (it  is  immaterial  which  SAM  emit 
is  ch'-sen)  and  the  value  of  {0  4  tu)  is  read  off.  Holding  the  cursor  fixed, 
the  Irdex  of  the  scale  S  is  moved  to  coincide  with  the  cursor.  Then,  hold- 
'.*• ,  the  slide  fixed,  the  cursor  is  moved  to  the  right  to  the  point  0  +  ta 
o*  the  scale  S,  a  mark  is  made  or.  the  memory  at  this  point  and  is  labeled 
V/H  (fr r  "weapon  release"). 
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Following  entry  of  the  above  events.-  .ie  cursor  is  placed  at  the 
left  most  mark  on  the  memory  Mj  (the  first  target  assignment  event  to  come 
up).  The  slide  i3  then  moved  so  that  the  first  target  to  be  engaged,  e.g., 
the  lead  target,  falls  at  the  cursor  line.  The  target-SAM  unit  pairing 
for  the  first  engagement  has  now  been  fixed.  To  complete  the  engagement, 
the  designation  cycle  time  TD  and  the  engagement  time  (0  +  ta)  for  the  en¬ 
gagement  are  read  from  the  points  where  the  cursor  line  cuts  the  scales  P^ 
and  Fq  associated  with  the  SAM  unit  in  question.  Holding  the  slide  fixed, 
the  cursor  is  moved  to  the  right  to  the  point  Tj.  on  the  scale  3,  a  mark  Is 
made  on  the  memory  ,  and  the  SAM  unit  number  is  recorded  above  the  mark. 
This  mark  constitutes  entry  of  a  new  target  assignment  event  for  the  SAM 
unit.  Next  the  cursor  is  moved  to  the  point  (0  f  ta)  on  the  scale  S,  a 
mark  Is  m  .de  on  the  memory  Mg,  and  the  target  number  is  recorded  below  this 
mark.  This  mark  constitutes  an  engagement  completion  event  for  the  engage¬ 
ment  being  undertaken. 

Next,  a  random  digit  is  drawn  to  determine  if  the  target  has  been 
killed.  If  a  kill  results,  the  target  number  entered  on  the  Mg  memory  is 
underlined  or  encircled.  Finally,  on  the  scale  T  a  check  mark  is  placed 
over  the  target  being  engaged  to  indicate  that  the  target  is  now  undergoing 
an  engagement,  and  the  recorded  number  of  ready  missiles  available  at  the 
SAM  unit  is  reduced  by  one.  The  operations  called  for  by  the  first  target 
assignment  event  have  now  been  completed. 

The  next  event  to  occur  is  that  corresponding  to  the  left  most  mark 
on  either  the  or  Mp  memories,  excluding  the  event  Just  passed.  If  the 
next  event  is  a  target  assignment  event,  the  cursor  is  placed  at  the  corres¬ 
ponding  mark  in  the  memory,  the  slide  is  advanced  until  the  index  of  the 
scale  S  is  at  tl  ?  cursor  line,  and  a  target  is  assigned  according  to  the  doc 
trine  being  used.  Holding  the  3lide  fixed,  the  cursor  is  moved  to  the  tar¬ 
get  selected.  If  the  cursor  in  this  position  falls  to  the  left  of  the  end¬ 
point  of  the  scale,  the  SAM  unit  must  delay  its  launch.  A  delayed  launch 
event  for  this  SAM  unit  is  then  entered  on  the  memory  by  reading  off  the 
time  spacing  between  the  lead  target  and  the  selected  target,  moving  the  cur 
sor  to  that  time  on  the  scale  S  while  holding  the  slide  fixed,  making  a  mark 
on  the  memory  Mj_,  and  labeling  the  mark  with  the  SAM  unit  number.  If,  on 
w -  other  hand ,  the  cursor  falls  at  or  to  the  right  of  the  end-point  of  the 
F^  scare,  the  engagement  of  the  selected  target  need  not  be  delayed.  The 
operations  described  for  the  first  engagement  above,  subsequent  to  target- 
SArt  unit  pairing,  are  then  followed. 

If  the  next  event  is  an  engagement  completion  event,  the  number  of 
the  target  involved  is  read  off  the  memory  Mg.  If  the  target  was  killed, 
an  appropriate  mark  is  placed  on  the  scale  T  over  the  target.  If  the  target 
was  not  killed,  the  check  mark  previously  placed  on  the  s'cale  T  is  removed 
or  crossed  out  to  indicate  a  reduction  by  one  in  the  target's  current  en¬ 
gagement  status. 
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The  battle  thus  proceeds,  event  by  event,  until  all  targets  have 
been  killed  or  all  missiles  exhausted,  or  until  the  weapon  release  passage 
event  for  the  lead  target  comes  up.  No  explicit  operation  is  called  for 
at  this  time;  th®  significance  of  this  event  lies  in  the  additional  opera¬ 
tion  that  precedes  each  subsequent  target  assignment  event.  Before  select¬ 
ing  u  ‘arget  for  assigjiment,  the  live  targets  lying  to  the  right  of  the  WR 
mark  on  the  memory  must  now  be  counted;  when  this  number  equals  the  de¬ 
sired  number  of  penetrators,  the  battle  is  terminated. 
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Measures  of  Effectiveness 
A .  Choice  of  a  Measure 

A  measure  of  effectiveness  of  a  weapon  system  is  cousonly  thought 
of  as  a  quantitative  Index  of  the  tactical  worth  of  the  system.  Before  a 
proper  measure  of  effectiveness  can  be  selected  for  use  in  an  analysis,  it 
is  essential  to  understand  clearly  the  aims  or  objectives  of  the  weapon 
system.  Ideally  one  would  1 ike  an  air  defense  system  to  to  capable  of  de¬ 
stroying  -.11  hostile  air  targets  presented  to  it.  This  softy  o'-r  is  of 
course  not  achievable,  which  fact  has  erroneously  suggested  to  mt*"y  that 
measure  of  effectiveness  should  mean  the  degree  to  which  the  ids: 1  ,".nl 
is  achieved.  But  such  a  view  is  meaningless  without  cutiside -able  elabora¬ 
tion  of  the  purpose  or  objective  of  the  air  defense  being  studied.  In  one 
instance,  to  destroy  all  but  one  attaching  ..eapon  may  mean  utter  defeat. 

Yet  In  different  circumstances  to  destroy  out  a  few  targets  may  suffice 
for  victory.  A  few  illustrations  will  help  to  throw  light  on  the  impor¬ 
tance  of  air  defense  objectives  in  selec' I>uj  a  measure  of  effectiveness. 

Consider  a  small  military  force  whose  immediate  mission  is  vital 
to  the  success  of  a  major  campaign  ir.  a  war.  The  elements  of  the  force 
may  possess  some  inherent  value  independent  of  the  mission,  but  the  urgency 
of  the  mission  temporarily  places  greatly  increased  value  on  the  force, 
lasting  until  the  mission  has  been  completed.  Suppose  the  force  expects 
to  be  subjected  to  air  attack  and  so  possesses  elements  to  provide  It  with 
air  defense.  The  prime  objective  of  the  air  defense  is  clearly  to  prevent 
demage  from  air  attack  that  would  preclude  success  of  the  mission.  This 
objective  holds  sway  only  during  prosecution  of  the  missior .  Activities 
of  the  air  defense  may  include  destruction  of  enemy  air  targets,  tut  de¬ 
struction  of  targets  is  not  essential  to  the  air  defense  objective.  To 
cite  an  example,  successful  Jamming  of  bombing  radars  carried  by  bomber 
aircraft  could  constitute  completely  successful  air  defense  without  a  shot 
being  fired.  The  one  paramount  requirement  is  to  prevent,  by  any  means, 
successful  delivery  of  enemy  warheads.  Whatever  form  the  air  defense  takes, 
it  fails  if  enemy  air  attack  prevents  the  force  from  carrying  out  its  mis¬ 
sion.  Otherwise  the  air  defense  is  successful. 

Tne  strategic  bombing  operations  of  World  War-  II  serve  to  illus¬ 
trate  a  different  air  defense  objective.  Ir.  these  bombing  raids  the  damage 
inflicted  by  any  one  bomber  on  a  single  mission  was  usually  rather  meager. 
Indeed,  destruction  caused  by  an  entire  raid  was  seldom  really  crippling 
*o  the  nation  receiving  it.  Thus  it  was  necessa:\  'o  attack  and  re-attack 
each  of  many  targets  time  and  time  again,  with  ln-.,s  numbers  of  bombers,  in 
order  that  the  bombing  operations  be  effective.  The  most;  telling  means  open 
to  the  defense  for  discouraging  t.nese  lomning  operations  uac  to  destroy  bomb¬ 
ers.  Moreover,  experience  showed  that  a  modest  level  o.*.‘  bomber  attrition 
(5  to  10;i)  was  unur-lly  sufficient  to  dissuade  the  enemy  from  continuing  his 
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bombing  efforts  witnout  first  taking  steps  to  negate  the  air  defense  fo 
opposing  him.  Thus,  in  these  operations  the  primary  air  defense  ob jec  ' % 
was  to  exact  enemy  bomber1  attrition,  the  higher  the  level  of  attriti.-.  .  h  -• 
more  pleasing  to  the  defense. 

A  third  air  defense  objective  car.  be  illustrated  the  lefense 
of  cities  or  other  civil  targets  against  nuclear  air  attar  A  single  of¬ 
fensive  nuclear  warhead  sn--:- \j  delivered  may  caute  .  emendous  devas¬ 
tation.  Thus  if  sp.  u.i-ry  should  attack  u  city  with  enough  weapons  to  as¬ 
sure  with  nigh  •'•'■•v  the  delivery  of  two  or  three  warheads,  he  could 

ful  1.  re  •.  -ttucK  :...  succeed.  u:4  would  rarely  have  to  :*e-attack. 

Tr  •  ‘  aiarcst  a  large  part  o.  t>r  .ttuc/ing  force  may  be  lost  to  air 

■ioi—  uotiv.  .  ..ncleect  if  an  enemy  expects  such  losses  to  be  high  -  or  at 
irOS.  not  negligible  -  he  should  allocate  to  th«  one  attack  not  only  enough 
weapons  to  surely  absorb  the  expected  losses .  but  also  enough  more  to  in¬ 
sure  destruction  of  the  city,  rather  than  allocate  fewer  weapons  and  so  run 
a  serious  risk  of  having  to  re-attack  another  day,  with  consequent  addition¬ 
al  losses  to  air  defense  action.  Having  paid  his  admission  price  once,  he 
had  best  see  the  show  rather  than  have  to  pay  again.  The  objective  of  the 
air  defense  in  this  case  is  to  exact  a  high  toll  of  air  targets  destroyed. 

A  further  difficulty  in  selecting  a  measure  of  effectiveness  arises 
from  the  fact  that  an  air  defense  weapon  system  may  at  different  times  be 
employed  in  different  ways  with  different  objectives.  A  naval  missile  ship 
in  a  major  nuclear  war  may  have  the  prime  task  of  protecting  a  carrier  dur¬ 
ing  the  short  time  required  for  the  latter  to  launch  an  air  strike.  In  a 
high  explosive  war  the  first  objective  of  she  3ame  missile  ship  may  be  to 
exact  attrition  of  attacking  aircraft  during  an  extended  period  when  the 
fleet  may  be  operating  within  range  of  enemy  air  attacks.  carrying  out 
a  tactical  analysis  of  the  performance  of  such  a  missile  ship  some  compro¬ 
mise  may  be  called  for  in  choosing  a  measure  of  effectiveness,  or  resort  to 
two  or  more  measures  appropriate  to  the  different  potential  objectives  may 
be  necessary. 

In  choosing  a  measure  of  effectiveness,  the  tactical  analyst  must 
pay  heed  to  certain  practical  considerations.  He  is  often  limited  in  the 
time  available  for  his  analysis,  or  in  the  computational  facilities  at  his 
disposal,  or  both.  If  so,  he  must  limit  his  choice  of  measure  to  those 
amenable  to  fairly  rapid  and  simple  calculation,  striking  the  best  compro¬ 
mise  he  can  between  appropriateness  to  the  problem  and  practicality  in  com¬ 
putation.  Some  of  the  data  available  to  analysts  as  inputs  are  usually  of 
such  poor  quality  as  to  be  .1  itr.lc  better  than  random  guesses ,  Given  great 
uncertainty  in  the  proper  value  of  c  parameter,  it  becomes  necessary  to  de¬ 
termine  the  sensitivity  of  the  5 Ail  system  effectiveness  to  the  parameters. 

Is  effectiveness  critically  dependent  or.  the  parameter  value  used?  If  so, 
whet-*  in  the  range  of  possible  values  does  effectiveness  vary  markedly? 

The  desirability  for  compuw  .ioral  case  gains  added  emphasis  from  this  need 
for  ascertaining  sensitivity. 
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Consideration  of  the  purpose  to  which  a  tactical  analysis  is  to 
be  put  can  at  times  simplify  the  choice  of  an  effectiveness  measure.  Fre¬ 
quently  the  purpose  is  to  make  a  comparison  between  weapon  systems.  If 
two  systems  being  compared  are  sufficiently  similar,  it  may  be  admissible 
to  employ  a  measure  that  reflects  only  those  features  of  the  two  systems 
that  differ.  By  way  of  illustration,  suppose  two  SAM  systems  have  about 
the  same  missile  kill  probability  and  are  capable  of  about  the  same  level 
of  coordination  of  fire.  The  consideration  of  firepower  achievable  by 
each  may  suffice  in  making  a  comparison.  However,  resort  to  the  use  of 
such  a  partial  measure  should  be  made  with  caution  The  analyst  should 
nimself  be  aware  and  in  the  presentation  of  his  results  should  Include 
some  indication  of  how  overall  effectiveness  of  either  system  will  vary 
with  firepower.  In  short,  if  one  system  can  achieve  twice  the  firepower 
of  the  other,  is  it  then  twice  as  effective,'  four  times  as  effective,  half 
again  a3  effective?  If  this  question  is  left  open,  the  inclination  of  the 
reader  will  usually  be  to  interpret  firepower  as  proportional  to  overall 
effectiveness  and  so,  in  our  example,  to  assume  the  one  system  to  be  twice 
as  effective  as  the  other.  The  analyst  should  also  satisfy  himself  that 
the  systems  are  indeed  .similar.  Two  SAbJ  systems  differing  only  in  maximum 
range  will  obviously  have  different  firepower  capabilities.  They  may  alto 
differ  in  the  coordination  they  can  achieve  because  of  their  different 
depths,  even  though  they  employ  identical  firing  doctrines. 

Regrettably,  parameters  describing  the  performance  of  a  weapon 
system  such  as  range,  speed  and  altitude  ceiling,  are  all  too  often  used 
as  measures  of  effectiveness.  Such  use  falls  to  recognise  the  need  for 
matching  performance  with  opposing  performance  in  ascertaining  effectiveness. 
The  ability  of  a  SAM  to  fly  at  100,000  ft.  is  cf  little  consequence  if  no 
target  for  it  will  be  found  there.  Nor  does  the  use  of  performance  para* 
meters  to  measure  effectiveness  recognize  the  importance  of  how  the  weapon 
system  will  be  employed.  A  sparse,  distant  deployment  of  SAM  units  About 
a  surface  target  will  not  provide  a  good  defense  of  that  target  egslnst 
low  altitude  attacks. 

B.  Useful  Measures  of  SAM  Effectiveness 

We  are  concerned  here  with  measures  of  effectiveness  for  SAM  sys¬ 
tems.  The  preceding  discussion  demonstrates  that  no  one  general  or  uni¬ 
versal  measure  can  be  found.  The  best  that  we  can  do  is  to  present  a  few 
measures  that  can  them solves  be  employed  in  a  fairly  wide  variety  of  prob¬ 
lems,  or  from  which  other  suitable  measures  can  be  derived. 

A  SAM  system  is  designed  to  destroy  air  targets.  Whatever  the 
nature  and  mission  of  the  military  force  of  which  the  SAM  system  is  a  part, 
the  contribution  to  air  defense  of  the  SAM  system  is  through  its  ability 
*■0  destroy  targets.  I  the  first  illustration  of  the  preceding  section 
(a  military  force  on  a  critical  mission) ,  the  SAM  role  is  to  kill  all  tar¬ 
gets  not  otherwise  countered.  A  reasonable  measure  of  SAM  success  Ts  the 
probability  of  annihilation  of  all  of  these  targets  in  any  one  raid.  In 
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the  second  illustration  (World  War  II  bombing)  the  SAM  role  is  to  exact 
bomber  attrition  day  after  day.  A  good  measure  of  success  here  is  the 
expected  number  of  kills  achieved  against  a  raid.  In  the  third  ii lus¬ 
tration  (nuclear  strike)  the  ''MU  role  is  to  take  a  high  toll  of  oonbers 
during  the  at tad:.  Success  in  this  instance  can  be  measured  by  the  at¬ 
tack  force  needed  in  a  raid  in  order  to  achieve  a  high  probability  of 
penetration. 

In  each  of  the  above'  illustrations  a  battle  is  presumed  to  take 
place.  Of  importance,  too,  is  the  deterrent  role  of  the  air  defense, 
and  the  SAM  contribution  to  it.  In  each  of  the  above  illustrations  a 
credible  threat  that  the  SAM  system  will  perform  well  If  called  upon  may 
deter  an  enemy  from  attacking.  Thus  the  same  measures  of  effectiveness 
will  serve,  but  the  emphasis  now  will  rest  on  whut  the  enemy  may  believe 
the  SAM  system  could  do,  rather  than  on  the  system’s  true  capability. 

(The  two  may,  of  course,  be  the  same.) 

Although  the  throe  measures:  annihilation  probability,  expected 
number  of  kills  and  penetration  probability  are  by  no  means  the  only  possi¬ 
bilities,  one  or  another  o*‘  them  will  serve  adequately  in  many  analyses. 

For  any  postulated  battle  situation,  there  is  a  probability  P^, 
however  poorly  known,  that  the  SAM  system  will  kill  precisely  k  out  of  b 
targets.  Each  of  the  above  measures  can  be  expressed  in  terms  one  or  more 
of  the  Pfc’s: 

Annihilation  probability  is  Pb;  i.e.,  Pk  with 
k  set  equal  to  b. 

Expected  number  of  kills  is 

b 

E  .  E  k  Pk  . 
k*0 

Penetration  probability  (probability  that  the  number 
of  survivors  will  be  at  least  as  great  as  a  specified 
number  a)  is 

b-a 

~  !E  pu  • 

k=0 

A  number  ol  other  useful  measures  are  also  functions  of  the  P.’s;  the  prob¬ 
ability  PD  that  an  air  attack  will  succeed  in  destroying  a  defended  surface 
target  is  given  by 

b 
P 
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where  D(J)  is  the  conditional  probability  that  the  surface  target  will 
be  destroyed  if  J  attackers  penetrate  the  defense.  {Obviously  D(0)*=0.) 

As  was  shown  in  some  cf  the  derivations  of  Chapter  V,  and  in  the  dis¬ 
cussion  of  Monte  Carlo  simulation  of  Chapter  VI,  a  measure  can  some¬ 
time."  calculated  without  explicit  calculation  of  the  P^'s. 

A  brief  discussion  o  '  the  behavior  of  the  various  measures,  and 
of  certain  nppreximate  -eiatl^ns  between  them  may  be  helpful.  Figure  50a 
shows  -s  of  penetration  piobabllity  Qga-a  against  number  of  attackers 
b,  for  several  values  of  least  number  of  survivors  a.  The  curves  were 
computed  for  fixed  kill  probability  p  -  .5,  fixed  flrc-po.er  II  =  20,  and 
perfect  coordination,  notice  that  the  curves  have  very  nearly  the  sane 
slopes.  The  effect  of  Increasing  a  is  to  translate  the  entire  curve  to 
the  righl  ;  moreover,  the  extent  of  the  translation  i3  just  thejUXference 
in  the  Ivsc  of  a.  Much  the  same  effect  obtains  quite  generally,  although 
for  poorer  coordination  the  extent  of  the  translation  is  somewhat  greater 
than  shown  in  the  figure.  Because  of  this  effect,  it  will  sometimes  suf¬ 
fice  to  calculate  Qsj»i  only,  and  then  perform  the  appropriate  translation” 
to  obtain  Qgia  for  other  values  of  c.  It  should  be  noted  that  Qg^l  bears 
a  simple  and  useful  relation  to  an.  ihiliitior.  probability: 

^s*tl  “  1-Pb 

If  the  conditional  probabilities  of  destruction  D(b-k)  are  nearly 
equal  to  1 ,  at  least  where  1 s  are  not  negligible •  the  probability  of  de¬ 
fended  surface  target  destruction  PD  Is  approximately  the  same  as  Qgaei* 

(Pn  is  identical  to  if  the  D(b-k)'s  are  all  equal  to  1.)  Figure  50b 

ilxustraces  the  effect  or  lower  conditional  probabilities  D(b-k)  on  Pp. 
These  curves  were  computed  for  the  same  kill  probability,  firepower,  and 
coordination  as  above,  and  assuming 

Dlb-k)  *  1  -  cb*k 

where  c  is  an  arbitrary  constant.  Notice  that  as  c  Increases  and  so  D(b-k) 
decreases  (l.e.,  the  enemy  weapons  are  less  effective),  the  slope  of  the  Pc 
versus  b  curve  decreases.  Comparison  of  Figures  50a  and  b  suggests  that 
only  when  the  D(b-k)'s  are  high  will  serve  as  a  reasonable  approxima¬ 

tion  to  Pp. 

The  probabilities  P^,  and  so  any  measure  that  depends  upon  them, 
are  functions  of .the  kill  probability  p,  the  firepower  II,  and  the  coordina¬ 
tion  of  fire  associated  with  the  SAM  system  in  the  air  battle  in  question. 
It  is  of  some  interest  to  note  how  variations  in  p,  II,  and  the  level  of 
coordination  affect  certain  measures. 

Figure  51a  shows  three  plots  of  expected  number  of  kills  S  versus 
number  of  attackers  b,  assuming  kill  probability  p  ---  .5,  firepower  N  *  20, 
„and  three  different  levels  of  coordination.  For  sufficiently  small  b,  the 
defense  saturates  the' attack,  and  E  t  Independent  of  the  coordination 
level.  Changes  in  p  and  II  simply  alter  the  definition  of  "sufficiently 
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